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Abstract

In recent years the search for ever smaller and more power efficient electronics
has made it necessary to embrace the quantum nature of electrons. Spintronics is a
relatively new branch of engineering which hopes to capitalise on spin as a useful quan-
tum property of electrons to work in tandem with (or potentially replace) electrostatic
charge in the operation of nanoscale semiconductor devices.

This work focuses on the simulation of a promising new type of device known as the
spin field effect transistor (spin-FET) [l 2, 3]. These devices are similar in structure
and function to more conventional Metal-Oxide Field Effect Transistors (MOSFET).
The crucial difference, however, is the use of the electron spin either alongside or instead
of charge transport, with the ultimate aim of improving both the bandwidth and power
efficiency when compared with conventional devices.

To this end, we have modified an advanced ensemble Monte Carlo device simulator
to include the spin as a separate degree of freedom of the electrons by using a Bloch
equation model, with a spin-orbit interaction Hamiltonian to account for Dresselhaus
and Rashba couplings. We then simulated electron spin transport in a realistic 25 nm
gate length Ing7Gag3As MOSFET and finally analysed how the spin transport was
affected by the gate voltage, the source-drain voltage, lattice temperature, compressive

strain and channel length.
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1 Introduction

1.1 Motivation

It is well known to most students of both physics and many areas of engineering that all
elementary particles possess an intriguing purely quantum mechanical property known as
spin. It is an observable quantity with no classical analogue that is associated with the
angular momentum of a particle as it rotates about its axis. Being a quantum phenomenon
however this mental picture only explains half the story as it cannot account for the fact that
the spin only takes on discrete values (i.e. its quantised) or that many particles (including
electrons) are considered as point sources and as such have no radius to rotate around.

However, we will leave the peculiar quantum nature of the spin to textbooks. [10} 1T}, 12].

Spin, however, as an observable (which in principle can be easily measured) has gained
considerable interest in recent years with the advent of Spintronics, a relatively new branch
of engineering which hopes to capitalise on spin as a useful property of electrons to work in
tandem with (or potentially replace) electrostatic charge in the operation of nanoscale semi-
conductor devices. Indeed much has already been achieved in this area with spin properties
such as; Tunnel magnetoresistance, being commonly used in high-speed computer memory

and giant magnetoresistance, being the basis of operation for all magnetic hard drives.

Recently, however, attention has turned to a new type of device known as the spin field
effect transistor (spin-FET) which are among the most promising spin-based semiconductor
devices and are considered a future candidate for high-performance digital computing with
ultra-low energy needs. [I, 2, B]. These devices are similar in structure and function to more
conventional Metal-Oxide Field Effect Transistors (MOSFET) and High Electron Mobility
Transistors (HEMT) but with the crucial difference being the use of electron spin either

alongside or instead of charge transport as part of the device operation.

In the past drift-diffusion models have been invaluable tools to investigate SpinFET
devices [I3]. However, these kinds of simulation are not useful for more complex device
architectures commonly found in transistors (doping, heterostructures, gates etc.) and as
such cannot give us an accurate picture as to the behaviour of spins in a nanoscale device

under realistic working conditions.

To this end, we have applied finite-element quantum-corrected ensemble Monte Carlo

simulations [7],14] to an InGaAs field effect transistor to investigate spin and charge transport



with realistic device geometries, doping profiles, bandstructure and scattering and a self-
consistent Poisson solver to solve for the electric field at each point on a grid across the
device structure. This simulator, which has been experimentally verified was adapted to
include the electron spin as a separate degree of freedom using a density matrix approach,
the method for which is detailed in Section [5] The simulator was used to investigate gate
and drain voltage dependence on spin transport (see Chapter [5), including the discovery of

polarization recovery effects reminiscent of magnetization refocussing [15].

The simulator was then augmented to investigate the effect of material strain on spin
transport by incorporating the effect of strain on the band energies and effective masses and
spin-orbit coupling parameters (see Chapter @ The results suggest that the device could
operate as a room-temperature nanoscale strain sensor [15] Finally, the effect of temperature
and device geometry are studied with a view to help optimise the channel and gate length

and determine the best operating temperatures (see Chapters [6] and [7).

This approach while not entirely original [16], [I7, (18] builds significantly on previous
works in that we use the Poisson equation to solve for the electric field at each point in
the device structure. This adds significantly to both the computation time and complexity
compared to previous works, which make use of a constant electric field across the entire
channel. However, our approach is generally considered to be a more realistic and robust
way of simulating complicated structures found inside real transistors and we appear to see

interesting effects (e.g. spin recovery) which have not been reported previously.

To put the work in this thesis into context, we present a brief overview of various proposed
spinFET designs as well as the challenges associated with them, before we delve into the

details on theoretical foundations of the simulator in Chapters and present the results in
Chapters

1.2 Spin Transistors

1.2.1 The Datta-Dass Transistor

Datta and Das proposed the first true SPINFET in 1990 [I]. Their original design involved
the use of an InAlAs/InGaAs quantum well to create a 2-dimensional electron gas (2DEG)
that would be used as the channel for a transistor with a gate contact above and ferromagnetic

source/drain contacts at either end (see Fig[l). The source would inject spin polarised



carriers into the channel while the drain would act as a spin detector by preferentially

allowing the transmission of spins whose magnetic moment aligns with that of the drain.

This injection and detection were assumed to be 100% efficient for the sake of simplicity.
Thus, the source injects only electrons with magnetic moments parallel to the field of the
contact (with no spin flips occurring due to scattering at the interface), and the drain only
transmits elections with magnetic moments parallel to the electric field of the contact (thus

acting as a perfect spin filter).

Using a simple ballistic transport model, they argued that a voltage applied to the gate
electrode would result in coherent rotation of the spins due to Rashba spin-orbit coupling
as they pass through the electric field produced by the gate thus the source-drain current in
this FET-like structure could be modulated by varying the voltage applied.

Magnetic Gate Magnetic

Source InAlAs Drain
... =... 7....1.... 71 —»

1

Z X

Figure 1: Schematic for Datta-Das Spin-FET. The yellow circles represent electrons flow-
ing down the 2D channel formed by the quantum well at the InAlAs/InGaAs interface

whilst the black arrows point in the direction of the magnetisation.

However, the gate control of spin transport along the channel was soon recognised as
the major challenge, and a striped-channel high electron mobility transistor (HEMT) design
with a quasi-1D channel was proposed by Bournel et al. [18]. Using ensemble Monte Carlo
calculations, the electron transport was simulated for an InGaAs quantum well, and it was
demonstrated that reducing the width of the 2D channel helped to minimise spin dephasing
[17, 19, 20]. This is because for a 2DEG in the = — 2z plane the spin precession {2i vector is
given by [20]:

Qp = 2405 (o, + k) (1)

where: aue is the material dependent Rashba constant, E, is the electric field due to the gate
and u, . is a unitary vector along x(z) axis, with k = kyu, + k,u,. Thus if the electrons have

freedom in both the x and z directions the scattering will randomise the direction of Qg (due

3



to its dependence on k) as the spin orientation of each electron becomes progressively less
coherent (for more information see Section on the D’yakonov-Perel mechanism). This
effect, however, can be reduced by decreasing the channel width in the z-plane (resulting in a
so-called quantum wire) thus, in turn, reducing the magnitude of the wave vector component
k..

This design, however, can create a significant drawback. As noted by Bandyopadhyay and
Cahay[21] while a quantum wire does reduce the spin scatting compared with a quantum well
it also reduces the maximum conductance down to e?/h per spin according to the Landauer
formulae[22]. Whereas for a quantum well this would be Ne?/h where N is the number of
transverse sub-bands in the well. Thus, designs based on quantum wells could still be used
for applications where gain or bandwidth are more critical than leakage current due to spin

scattering.

The next big step in the design process came independently from both Schliemann et
al. [13] and Cartoixa et al [23] who both extended the Datta-Das design to include spin-
orbit coupling due to bulk inversion asymmetry (so-called Dresselhaus coupling) with the
intention of creating an alternative SPINFET based on Rashba and Dresselhaus “tuning”
(see Section for more details). The coupling was included via an additional term to the

Hamiltonian Hp = f(ky0, — kyo,) where § is a material dependent parameter.

The Dresselhaus coupling was then included in the Datta-Dass design by MinShen et al.
[16] who used ensemble Monte Carlo simulations to predict spin coherence and transconduc-
tance effects in the 2D quantum confined channel of a heterostructure IT1I-V HEMT assuming
one sub-band approximation [16]. However, the simulations were not self-consistently cou-
pled with the Poisson equation. Thus the results are valid only at low applied electric field
[16].

The Datta-Dass transistor also has a major limitation, the spin injection/detection effi-

ciency, a problem which the majority of work in the last decade has been devoted to solving.

1.2.2 Datta-Das alternatives

Over the last decade, there have been several attempts to modify (and even replace entirely)
the Datta-Das design to overcome some of the difficulties in its practical implementation.
These have ranged from simple modifications to account for materials with different spin

properties to devices which achieve the same objective but have a vastly different mode of



operation. This section will cover the notable work in this area.

Dresselhaus Tuned Devices - The Non-Ballistic SPINFET: As mentioned in Sec-
tion both Schliemann et al. [13] and Cartoixa et al. [23] suggested the use of Rashba
tuning as a method of improving the Datta-Das design. The basic premise of this device is
to tune the Rashba interaction via the use of a gate such that it has the same strength as
the Dresselhaus interaction which is independent of the applied gate voltage and depends
only on the material of the channel. In this configuration, the spin-orbit coupling loses its
wave vector dependence, and thus momentum scatting will not change the Bloch vector as

the electrons travel down the channel.

A transistor-like action can be achieved by simply injecting spin polarised carriers at
the source if the Dresselhaus and Rashba interactions are balanced, then the polarisation
of the current at the drain will be the same as that injected at the source. However, if
we then de-tune the interaction, the polarisation will decrease to zero as the spins relax in
the channel leading to no polarisation being detected at the drain. This design does come
with a significant caveat however in that the minimum (off) current for such a device would
be half of the maximum (on) current [2I] making such devices unsuitable for low energy
applications. This was further compounded by simulation data by Safir et al. [24] which

suggested that the on-off conductance ratio would only be around 15-20% for a real device.

Dresselhaus split gate designs: Bandyopadhyay and Cahay proposed another alterna-
tive design to the Datta-Das Transistor in 2004 [4]. This was an alteration that would make
use of the Dresselhaus interaction instead of Rashba via the use of a spilt top gate. The
basic device consisted of a 1-dimensional channel between a ferromagnetic source and drain
contact into which polarised spins were injected in the same manner as the original Datta-
Das device. The main difference, however, was that the gate was split into two independent

halves as shown in Figure [2
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Figure 2: Schematic of Spin-FET proposed by [4] based on Dresselhaus interaction.

Assuming the potential profile in the y-direction is a square well grown in the [110]
direction and the potential profile in the z-direction is parabolic (since confinement in this
direction is enforced by split gates the curvature of which (w) can be tuned by varying the

applied voltage on the split gates).

Since the channel is strictly 1D (it was assumed that only the lowest sub-band was
occupied) and the quantum well is symmetric, there is no Rashba interaction in the absence
of a channel magnetic field [4, 10]. However, spin relaxation will still occur due to the
pseudo-magnetic field created by the Dresselhaus interaction, the strength of which depends
on the channel width in the z-direction W, = \/E which can be controlled via the applied
voltage on the split gates.

Thus the electron spins precess around this field as they move along the channel and the

precession angle ¢ is given by [10]

~AmFagpl |mtw r\?2
o=t - (7)) | @

where L is the channel length, a4 is a material dependent parameter associated with the

strength of the Dresselhaus interaction, and W, is the channel width in the y-direction.

Therefore, the amount of rotation can be controlled by the voltage applied to the split
gates and thus transistor action similar to that of the original Datta-Dass design can be
realised (i.e. the channel conductance will change depending on the direction of the spin

current when compared to the field of the ferromagnetic drain).

The Spin Hall Transistor: Another alternative to the Datta-Das design proposed by
Wunderlich et Al. in 2010 [6] the device is based on a phenomenon known as the Spin



Injection Hall Effect. If we take a solid subjected to a magnetic field B in the 4z direction
and we apply an electric field £ in the x direction, electrons will flow with a velocity vgy; s in
the direction of the electric field (see Figure 3). However, the presence of the magnetic field
will mean that the electrons will also experience a Lorentz force in the +y direction given
by evgrifeB,. This means that if we take a thin slice of material with thickness L in the y
direction a detectable voltage will be generated between the surfaces at y = L and y = 0

due to the charge imbalance created by the magnetic field, this effect was first observed in
1879 and is known as the Hall effect [25].

Hall Effect "Anomalous" Spin
Hall Effect Hall Effect

Figure 3: Diagram to show: Hall Effect (left), Anomalous Hall Effect (centre) and spin
Hall effect (right).

If we now consider a ferromagnetic material a similar effect can also be observed without
an external magnetic field, this is known as the anomalous Hall effect [26]. This voltage arises
because the bandstructure and scattering events are spin dependent, thus if an electron has
its spin polarised in the +z direction it will be scattered in +y direction, while electrons with
spin polarised in the —z will scatter in the —y direction. Since the material is ferromagnetic
there is an imbalance in the populations of spins thus more electrons will be scattered in one
direction compared to the other leading to the creation of a charge imbalance without any

applied magnetic field.

The spin Hall effect is a logical extension of this principle that was first proposed by
Hirsch in 1999 [27]. The idea is that the direction of the spin influences the motion of the
electrons perpendicular to an applied field. Thus we should see electrons with opposing
spins travel in opposite directions perpendicular to the current flow, and for a non-magnetic
material, we should observe a spin splitting in the direction perpendicular to the current
flow. This is known as the spin Hall effect and has been experimentally demonstrated in a
2 pm thick InGaAs film [28] and an AlGaAs 2DEG [29].

It was then demonstrated by Wunderlich et al. [5] that the spin Hall effect could be used

as a means to detect spin polarised current in a semiconductor. This was achieved by taking



voltage measurements transverse to the direction of current flowing through a 2DEG channel.
If the current is polarised, a Hall voltage will be detected due to the charge imbalance created
by the spin polarisation (with the magnitude of the voltage being dependant on the degree
of polarisation). They then went on to experimentally demonstrate this effect in a planar
two dimensional electron-hole gas (2DEG-2DHG) photo-diode consisting of a p-n junction,
the p-side of which is formed by 2 vertically stacked AlGaAs/GaAs heterojunctions (with
p-type doping at the top and n-type doping at the bottom) separated by a 90 nm layer of

intrinsic GaAs (see Figure 4).

This allows the formation of a 2-dimensional hole gas (2DHG) at the p-type heterojunc-
tion. For the n-side the p-type top layer is removed and thus a 2DEG forms at the n-type
heterojunction. This device is non-conductive in the dark at zero or reverse bias, owing to
charge depletion of the p—n junction. However, it becomes conductive when irradiated with
light of sufficient wavelength to allow the electrons (or holes) to overcome the potential bar-
rier. By using circularly polarised light a spin current was induced across the p-n junction,
with the degree of polarisation being controlled by both the bias across the p-n junction
and by the position and focus of the laser spot. The polarisation of the current was then
detected using so-called hall bars etched into the substrate transverse to the 2DEG/2DHG
channel (see Figure 4), with the variation in voltage being proportional to the purity of the

spin current.

ey:
P-goped O Hole Current
-Dope

Figure 4: Schematic of (2DEG-2DHG) photo-diode used to demonstrate spin detection
using the spin hall effect. Adapted from reference [5] .

The spin hall transistor comprises of the same p-n photo junction this time; however, two
lateral Hall bars spaced 2 pm apart were etched into the n-type side of the device, and a gate
was placed on top of the of the 2DEG channel between the two hall crosses (see Figure 5).

Spins were injected into the 2DEG using circularly polarised light, and the spin precession



caused by the electric field was measured via the change in voltage across the hall bars.

At a large reverse bias, (Vo = —0.5V) the Hall signals disappeared since the diffusion
of spin-polarised electrons from the injection region toward the detecting Hall cross was
blocked by the repulsive potential of the gate electrode. However, by slowly increasing the
gate bias they observed a non-linear hall voltage dependence. This dependence suggests that
the intermediate gate electric field modified the spin precession of the injected electrons and
therefore the local spin polarisation at the detecting Hall cross, analogous to the operation

of the original Datta-Das Transistor.
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Figure 5: Schematic of Spin-Hall Transistor adapted from [6].

1.3 Overview

This document is split up into the following sections:
e Section 1: Introduces the project and its aims.

e Sections 2-4: Contain relevant background reading on spin dynamics, k - p band

structure calculations and the Monte Carlo method.

e Sections 5-7: Details the method used to adapt the pre-existing finite element en-
semble Monte Carlo simulation for spin transport and contains discussion and analysis

of all the obtained results for the simulation of an Ing3Gag;As spinFET.

e Section 8: presents conclusions and potential ideas for future work.



2 Representations of spin states

2.1 The Bloch Sphere

When measured the spin angular momentum can take one of two values ig‘ thus electron spin
can be thought of as existing in one of two states commonly refereed to as “up” and “down”,
the classical picture of which is that of the electron being a small bar magnet spinning either
clockwise or anti-clockwise with the magnetic moment pointing towards the north or south
pole respectively. However this picture breaks down due to quantum mechanics since the

electron does not exist in two distinct states but instead as superposition of the two states
) given by Equation (3)[30, B1].

) =alt) +o ), (3)

where [1) and [{) represent the up and down states respectively whilst a and b are complex
numbers for which the absolute value squared represents the probability the spin angular
momentum is aligned with the up or down state, respectively, and are defined such that
la?| + |b?] = 1. A good visual way to represent |1)) is to look at it as a unit vector bounded
by a sphere (see figure @ This vector can point in any direction defined by elevation and

azimuth angles # and ¢ such that:

o /8
) = cos 5 ) 11+ s 5 ) 1 o
with 0 <0 <7 and 0 < ¢ < 27.

This representation is known as the Bloch sphere and is a good way to visualise the
quantum state |1)) of a single spin. We note however that as a consequence of how the Bloch
sphere is defined orthogonal quantum states (i.e., arbitrary states |a) and |b) for which
(a|b) = 0) appear on opposite points of the sphere (rather than being drawn at right angles).
Thus in this representation the “up” state |1) lies at the north pole (see figure @ and the
“down” state || ) is at the south pole with the superposition states represented by every other
point on the sphere. [30] To obtain the expectation value of the spin we need an operator
(with eigenvalues of j:%) to operate on the states |1) and |]). Such an operator was proposed

by Pauli and is given by S = ga. Where o represents the three 2 X 2 Pauli matrices o, oy,

10



Figure 6: Diagram of Bloch Sphere.

and o, given by Equations (5) a-c.[11]

1 0
0, = <0 _1> ) (5¢)

Thus the result of any measurement of the spin component along an arbitrary axis defined
by the unit vector n will be given by the eigenvalues of S -n. These can be easily calculated

by using the following equality for the Pauli spin matrices

(0-a)(o-b)=tioc-(axb)+a-bl,

where [ is the 2x 2 identity matrix and a and b are arbitrary 3 dimensional vectors. However,

since n is a unit vector this reduces to
(0-n)*=1,

which has eigenvalues of +1 regardless of the direction of m. Thus, the eigenvalues of S - n

will be j:% regardless of the direction of n.

Therefore, any point on the surface of the Bloch sphere will still give experimental values

for the spin angular momentum of j:% with the vector S-m being known as the Bloch vector.

11



2.2 Density Matrices and the representation of ensembles

To represent an ensemble of spin states a useful concept is an operator known as the density
matrix which allows us to perform calculations for a collection of spins with an initial statis-
tical distribution across the Bloch sphere and track their time evolution [31), 10]. We start
with the state [¢)) given by Equation however instead of representing a single electron
we now use |1) to represent an ensemble of spins. This representation is known as a pure
state since we know the spin of each electron in the system is either in the up or down state,
with probabilities |a|” and |b|* respectively. (i.e the spin magnetic moment points parallel or

anti-parallel to the unit vector 7, with a probability of |a|* or |b|* respectively).

The density matrix p for this system is given by the outer product:

_ _[a .\ [aat abt) la”  ab*
p—|w><¢|—(b> (a b>—<ba* bb*)—(ba* W). (6

The diagonal elements are the probabilities of being in each state whilst the off diagonal
terms represents the capability of different components of a state to interfere with each
other this is often referred to as the coherence. p has the following interesting properties

which are true for all density matrices:
e It’s hermitian (i.e. p = p),
e It is a positive operator meaning (u|p|u) > 0 for any state vector |u),
e Tr(p) =1 (since the sum of all probabilities is 1),
e The expectation value of an operator A can be shown to be (A) = Tr(pA).

However real quantum systems are seldom found in pure states, often we consider systems
that are a statistical mixture of many different states. In our case, each electron in our
ensemble might well be in a different state. Thus for an ensemble of N electrons we have
|1n) state vectors, we can however still use the density matrix by simply using a few extra

steps:
1. Construct density matrices for each state in the ensemble
2. Multiply each matrix by the probability of that state being in the ensemble

3. Sum over all the possible states.

12



Thus for a mixed state the density matrix for the entire system is given by:
N
P = Z P i )Xai] (7)
i=1

Where P, is the probability that an electron in the ensemble is found in the state |1);).

Since we can in principle construct a density matrix from any set of basis states, the
matrix representation is not unique thus we need a system to determine if the ensemble is
in a mixed or pure state. Fortunately, for a pure state, it can easily be shown that p* = p

by using the definition of p in Equation (@ thus:

Pt = ([WXYN)* = [¥) (W) (W] =[] = p (8)

and since Tr(p) = 1 — Tr(p*) = 1. This is not, however, the case for a mixed state thus
we can use this fact to construct a definite test for the purity of our system. Whereby if

Tr(p?) = 1 we have a pure state and if Tr(p?) < 1 we have a mixed state.

Finally, we can tie the density matrix back to the Bloch sphere with following theorem[10]:

Theorem 1 Any 2 X 2 matrix M can be decomposed into products of the 3 Pauli matrices

and the 2 X 2 identity matriz I as follows:

my; Mi2
M =
mo1 Mao2
my1 + Moo mir — Moo mi2 + Moy M2 — Moy
M = I+ o, Oy oy
2 2 2 2

So if we define a general density matrix p as:
a+b c—1d
p= . (10)
c+id a—>b
Where a,b,c and d are real numbers, using theorem (1| we obtain:
p=al + coy +doy, + bo, (11)

and since we know that Tr(p) = 1 we have 2a = 1 thus we can write:

p =3I+ 2co, + 2do, + 2bo,) (12)

13



However we also know from our density matrix rules the expectation value of an operator A
is given by (A) = Tr(pA) therefore:

(02) = Tr(pos) = 2¢ (13a)
(0,) = Tr(poy) = 2d (13b)
(02) = Tr(po.) = 2b (13¢)
and p can be written as:
p=4I+V o) (14

Where V is the Bloch vector of the system represented by the density matrix p and is given
by V= ({0z), (0y) , (02)).

The magnitude of V' can be used as another test of the system’s purity since we recall

that for any density matrix Tr(p?) <1

0 = (%([ LS. 0))2 _ }1 <(<02> + 12+ (0,)° + (o) 2 (0,) — 2i (0,) )

2(0x) + 2i{oy) ({0:) = 1) + (o) + (o)’
1 1

) = (00 4024 (0 = 1P+ 20 +200)° ) =3 (14VI) <1 (19

For a pure state therefore the Bloch vector V' must have a length of 1 and (much like
the single particle case) can be represented by a point on the surface of the Bloch sphere.
However for a mixed case we recall Tr(p) < 1 therefore V' must have a length less than 1

and Bloch vector will represent a point inside the sphere.

2.2.1 Completely mixed states

In our discussion of both pure and mixed states we have so far omitted to account for the
extreme opposite of a pure state the so called completely mixed state. This is a perfectly
even statical distribution of N states which cover all possible values. Whilst in practice
this type of mixed state is difficult to achieve exactly, when dealing with large ensembles of
electrons in random distributions of spin states it is entirely possible for the density matrix

of the system to approach this kind of state.

The density matrix for such a state is in principle relatively easy to find since the prob-
ability for the system to be in each given state is identical. Thus the density matrix will be

a constant multiple of the identity matrix. So for a state space of n dimensions:

p= lI (16)

n
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and since I? = I and Tr(I) = n we have:

1
2 _
=t
Tr(p?) - ~
n

For the case of electron spin n = 2 thus the lower bound of our purity test will be 1/2
whilst the upper bound will be 1 (i.e. a pure state). Finally, using Equation (15| we can see
that Bloch vector for a completely mixed state must be zero. Physical this makes perfect
sense since the individual magnetic moments of the electrons in the ensemble will point in a

different direction such that there will be no net magnetic moment.

2.2.2 Time evolution

For a pure state the time evolution of p is relatively easy to obtain by using the definition

of p given by Equation (6

LSt = ((F0) Wi+ (501)) i

and since the state [1) satisfies the time-dependant Schrédinger Equation [111, 32] we have:

d
’lh& [v) = H |¢)

— o (H [0}l = [)¢| H) = = [H, (18)

dp _
dt

We can similarly derive the time evolution of a mixed state as:

de_ dt(zm% 1) =X ((G) s+ (5 1)

= LS (M| — Mo H) = 177

Thus equation applies to both pure and mixed states and is known as the Von Neumann

equation [33]

Now we know from basic quantum mechanics[I1] that the sate of a system |¢) at time

ty is related to its state at time ¢y by a unitary operator U which depends only on ¢; and t,.

[W(t2)) = Ulty, t2) |9 (t1))
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For our system we can therefore say:

[4;(£)) = U(#) [4;(0))
(Wit = (¥;(0)| U'(t)

and hence:
p(t) = > pU) [4(0)) (¢,(0)| UT(t) = U)p(0)U (1) (19)
J
So we can now calculate how the length of the Bloch vector changes with time as:

Te(p?(t) = U(t)p*(0)U'(t) = U(t)p(0)p(0)U (1)

and since by definition U (¢)UT(t) = 1

Tr(p*(t)) = Tr(p*(0)) (20)

and therefore the time evolution preserves the length of the Bloch vector and it moves
inside the Bloch ball staying at a fixed distance from the centre. In reality, however, the
magnetisation will decay due to interactions with the environment this is characterised by

the so called Bloch equations which are the subject of the next section.

2.3 Spin relaxation and the Bloch Equations

Using Equations and we can obtain the equation of motion for the Bloch vector as:

dv; d d J
o = g Trer) =T (UJEP) = =T (o5, p))

= —%Tr(aj[H,I+V~a']) (21)

In order to understand the spin relaxation it is helpful to look at the time dependence of
the individual components of v; (v,, v, and v,). For a spin 1/2 particle in a magnetic field
orientated in an arbitrary direction we can calculate the component v; of equation in

the following way.

The Hamiltonian H for the system, where the gyromagnetic factor v is given by:

H=—(S-B) = —yu(cB) (22)
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Substituting this into equation gives:
:—%Tr(aj(a'B)(l—l—V-a)—aj(l—i-V-O')(o"B)) (23)

We can then expand out the two dot products and re-group terms to obtain:

dv; '
% — %Tr(ajaxay(BIvy — v, By) + 00,0,(Byv, — 0, B,) + 00,0, (Byv, — vyBZ,))
+ ﬁTlr(ajayaz(Byvz —v,B,) + 0j0,0,(B,v, —v,B,) + 0j0,0,(B,v, — UZBy)) (24)

4

Focusing on the z-component first we have:

dv, )
dl; = %Tr(amaxay(Bmvy — v, By) + 0,0,0,(Byv, — v, B,) + 0,0,0,(Byv, — v,By))

+ %Tr(ozayaz(Byvz —v,B,) + 0,0,0,(B,vy — v, By) + 0,0,0,(B,v, —v.By)) (25)

and since o2 = 1 this simplifies to:

dv, 1
C{; = %Tr(ay(vay — vy By) + 0.(Byv, — v, B,) + 0,(Byv, — v, By))

+ %Tr(oxayaz(Byvz —v,B,) + 0,(B,v, —v,B,) + 0,0,0,(B,v, —v.B,)) (26)

Now since for any A and C, Tr(AC) = CTr(A) [34] Equation (26| can be further simplified
thanks to the fact that Tr(o,) = Tr(o,) = Tr(o,) = 0 thus:

d(ifm B %Tr(axayaz(Byvz —vyB.) + 0,0.0,(B.v, — v.By)) (27)
= %(Byuz —v,B,)Tr(0,040, — 0,0,0,) (28)

Finally since 0,040, = il and 0,0,0, = —iI we obtain:
d(ftx = —y(Byv, — v, B.) (29a)

and following a similar procedure for the y and z components we have.

d
N — (B, —v.B,) (29b)
dt
dv,
1 —7(Bavy — 02 By) (29¢)
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Using Equations — we can begin to construct a more realistic model for the
time evolution of the Bloch vector. Fortunately, Bloch proposed such a modification [35] by
way of describing the interaction of spins with the environment using parameters known as
the longitudinal (77) and transverse (73) relaxation times. If we then take an ensemble of

spins at ¢ = 0 and subject them to a constant magnetic field B, along the z-axis. Equations

[29)-([299) become:

dv,
= = 5(Byv,) (30a)
dv,
—% _ _~(B
dv,
& =0 (30c)

Thus the Bloch vector will rotate on a cone centered around the z-axis with Larmor frequency
w = yBy. This procession is equivalent to the NMR system studied by Bloch [35] in which
he and his collaborators recorded a nuclear induction signal through the generation of a
small current in their receiver coil due to the net magnetisation from the ensemble of nuclei
processing around By. However, the recorded signal decayed and was dependant on the

material used and the rate of change of the applied magnetic field.

Bloch surmised that the decay in the signal was due to the interaction of the spins with
both the environment and each other. The two types of interaction were given time constants
Ty and T5. T} is the time taken for the z-component of the magnetisation to return to some
equilibrium value v,o which is determined by Boltzmann statistics (or more accurately the
time taken to for v, to grow from 0 to (1 — 1) & 63% of its final value[35]). This type of
relaxation is usually associated with each nucleus slowly losing energy to the environment
and thus returning from an excited state to thermodynamic equilibrium. The time 75 is the
time taken for the x and y components of the magnetisation to decay due to interactions
between the individual spins in the ensemble (again this is more accurately defined by Bloch
to be the time taken for the magnetisation to decay to a value of % ~ 37% of the initial
value[35]).

Thus we can modify equations (29a))-(29¢) to give

dv, Uy
— —(Byv, — v,B.) — & |
qt v(Byv, — v, B.) T, (31a)
dv, v
= - Bz r sz -2 1b
W (B~ veBy) — (311)
dvz UV, — V20
— —~(Byv, — v,B,) — 1
o = (B — wBy) - S (310)
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Where v, is the thermodynamic equilibrium magnetization.

Thus we now have a way to track how the Bloch vector (and hence average magnetisation

of the ensemble) varies with time.

2.4 Spin-Orbit coupling in semiconductors

The main mechanism that gives rise to spin relaxation (and by extension the spin relax-
ation times 77 and T3) is spin-orbit interaction. This means electrons will interact with the
positively charged atomic nucleus as they orbit. This interaction can be determined using
two different approaches depending if the electron is moving at relativistic speeds or not
[36], 37, [38]. For the relativistic case, a magnetic field is said to be generated in the electron’s

frame of reference as it orbits the nucleus. This field will have a flux density given by:

_EXWv

B 5 ,
C*"Vrel

(32)

where: e represents the electric field, v is the orbital velocity of the electron and c¢ is the
. . 2
speed of light in a vacuum and v, = 4/1 — 5.

However as pointed out by an article published in Nature [39] we need to adapt Equation
(32) with a factor of (¢ — 1)/2 where g is the Landé g-factor (which is equal to 2 in a vac-
uum) since the normal Lorentz transform is inexact since the electron is constantly changing

direction as it accelerates. Thus we now have:

EXW
B = 33
QCQIYrel ( )

Since the spinning electron has a magnetic moment pe [40, [10] the energy of the inter-
action with B is given by
F=-p. B (34)

Using the gyromagnetic ratio gy to relate the magnetic moment to the angular momentum

S as pe = —goupS (where up is the Bohr magneton) Equation becomes:

Thus using equation ([32)) we obtain:
EXW
E = 36
JotB 2o (36)



i 1 — eh
and since S = ;0 and up = -

goehsxv.o_ (37)

Erelativistic - 4 B
m C™%rel

For the non relativistic case we take a different approach [3§]. If we observe the orbit from
the point of view of the electron we would perceive the electron to be stationary and the
nucleus to be moving around the electron at a distance r with a velocity v,.p;;. Thus we can

apply Biot Savart’s law to calculate the flux density as:

B — gl X Yorbit (38)

Amegc?rd
where € is the permittivity of free space and +Ze is the charge of the nucleus.

Zer
4megc?rs

Since = £ we obtain

€ X Vorbit
using which we can follow the same procedure as the relativistic case (i.e. using Equation

(35)) to obtain an expression for the energy.

EXw S:goehE:X’v.o_ (40)

c? 2m  c?

Enom“el = JoMB

Which is equivalent to Equation (37) just without the relativistic correction to the velocity
or the Thomas factor of 1/2.

Finally using Equation the Hamiltonian for the spin orbit interaction of a free
electron in a vacuum is given by:

eh

HSO - — 2 2
AM2c* e

eh
(VVXp)-o-%—W(VVXp)-G (41)

where V' is the electric potential and p is the momentum operator.

This single atom case, however, does not extend to electrons in crystal lattices since, due
to shielding effects, electrons in the conduction band do not experience any strong nuclear
attraction. Even so, internal effects within the lattice can still produce similar types of
spin-orbit interaction to that of Equation . For conduction electrons the three primary
mechanisms for spin relaxation are known as The Elliott—Yafet (EY), D’yakonov—Perel (DP),
and Bir-Aronov-Pikus (BAP) mechanisms[41] (see figure[7])
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D’yakonov-Perel Elliott-Yafet Bir-Aronov-Pikus

Figure 7: Diagram to show the various mechanisms of spin relaxation in semiconductors. A. The
D’yakonov-Perel Mechanism: The electron spins precess around magnetic fields caused by the break-
ing of symmetry, as the electrons undergo scattering the field changes direction and hence the magnetic
moment of the electron aligns with the new field. Since each electron “sees” a different field, the individ-
ual magnetic moments precess at different rates and hence spread out randomly in space resulting in the
net magnetisation decaying to zero. B. The Elliott-Yafet Mechanism: The periodic spin-orbit interac-
tion due to the lattice causes the spin “up/down” Bloch states to contain small spin-down/up amplitude
this means there is a small probability a scattering event can flip the spin from an up to a down-state (or
vice versa). C. The Bir-Arnov-Pikus mechanism: Exchange interactions between electrons and holes
cause the electron spins to precess along an effective magnetic field determined by hole spins. This field
is extremely localised and randomly changes due to hole relaxation hence we see a similar spin relaxation
effect to that of DP.
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2.4.1 The Elliott-Yafet Mechanism

The Elliot-Yafet mechanism was first proposed by Elliott in 1954 [42] and is considered the
dominant relaxation method in elemental semiconductors (e.g. Si)[43]. It works on the
principle that in a crystal lattice the Bloch states are not true eigenstates. The periodic
spin-orbit interaction means the “up” state contains a small down amplitude b (and vice

versa). Normally this is not a problem since the spin-orbit coupling d, is small compared

630
Agp

and thus since b is small we can still label the states “up” and “down” according to their

to the bandwidth A and so can be treated as a perturbation with b being of the order

largest spin component. Elliott also noted that the amplitude b is dependant on the wave
vector k thus any non-magnetic scattering events that change the value of k by a significant
amount (e.g. Impurities, acoustic phonon, device boundaries etc.) All have a probability
of causing the spin to flip from an "up” to a "down” state (or vice versa) with spin flips
being favoured by scattering events that cause larger changes in k (such as acoustic phonons
that scatter through large angles). Elliott then went on to build on the work of Overhauser
who did similar work on spin-orbit interaction with impurities in metals[44] to calculate a
spin relaxation rate ﬁ which is directly proportional to the momentum relaxation rate ﬁ

With the relationship between the two being defined as[42]:

T, Ao
= 42
Tor * E, (42)

where: A is the spin-orbit splitting of the valence band and £, is the band-gap.

Yafet then later showed [45] that this relationship was temperature independent (bar-
ing the weak temperature dependence of Ay and E,) and thus 7}, and T}, have the same
temperature dependence of 1/T,, o< T for temperatures above the Debye temperature Tp
and 1/T,, o< T° below that This was then later demonstrated experimentally for metals by
Monod and Beuneu [46].

2.4.2 The D’yakonov-Perel Mechanism

The D’yakonov-Perel mechanism is considered the dominant cause of spin relaxation in III-
V and II-IV materials. It is caused by spin-orbit coupling with electric fields generated
due to the breaking of inversion symmetry of the lattice. This symmetry breaking can
be grouped into two mechanisms: Structural (SIA: often referred to as Rashba coupling)

and Bulk inversion Asymmetry (BIA: also called Dresselhaus coupling). The former arises
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from the electric field generated by gradients in the internal potential energy (such as band
discontinuities in Heterostructures) or external fields applied via the use of gates. The latter
occurs if the crystal lattice itself is not symmetric as is the case with III-V semiconductors
such as GaAs in which the constituent atoms create dipoles as they are repeated throughout
the lattice.

D’yakonov and Perel first studied these effects in 1971 [47] where they investigated elec-
tron spin orientation using circularly polarised light. They posited that relaxation occurs
because the electric fields caused by the symmetry breaking are k-dependent so when the
spins encounter these fields they will begin to process around them until a momentum change
occurs due to scattering. This will change the direction and orientation of the field at which

point the precession will start again but along a different axis.

Thus if we consider the Bloch vector for an ensemble of electrons drifting through the
lattice, with spins that are initially all polarised in the same direction and the individual
electron velocities do not change with time (i.e. the electrons don’t undergo any form of
scattering). We can see that the k-dependant field B(k) is the same for all the electrons.
Thus the spins will precess around the field at the same frequency, and after an arbitrary
time, ¢ will still be pointing in the same direction. Hence the magnitude of the Bloch vector
will be unchanged, and no spin relaxation will occur. However if the electrons do undergo
scattering, after time t the individual spins will all be pointing in random directions due to
each one experiencing different changes in k. This will cause them to process at random
angles along all three axes while the Bloch vector (and by extension the net magnetisation)

will decay to zero as the individual spins in the ensemble spread out across the Bloch sphere.

To account for the both of these mechanisms, we will need to compute a 14 X 14 Hamil-
tonian for the system using the k - p method to calculate the band structure in the vicinity
of a known point in the Brillouin zone. In our case, we can easily incorporate the effects of
spin-orbit coupling (and eventually strain) into these calculations and thus investigate the
impact of spin relaxation on an electron in a crystal lattice. This method is discussed in

detail in section Bl

2.4.3 The Bir-Arnov-Pikus mechanism

The Bir-Arnov-Pikus mechanism is a form of spin relaxation that occurs in systems with

large concentrations of holes (e.g. heavily doped semiconductors) and is associated with a
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spin-dependent exchange interaction between electrons and holes. Bir, Aronov, and Pikus
first investigated by this [48] (after whom the effect is named), and posited that if there is
a large concentration of holes the electrons will generally be in proximity to a hole thus the
wave functions will overlap and an exchange interaction will occur. This interaction causes
the electron spins to “see” the hole spins as a pseudo-magnetic field and they will begin to
process about this field. However, hole spins change at a much faster rate than electron spin
precession. Thus the magnetic field associated with the hole spin will change after a random
time, after which the electron spin will precess around the new magnetic field, this causes
spin relaxation in manner analogues to that of D’yakonov-Perel whereby the Bloch vector
will slowly shrink as the electron spins diverge from one another and spread across the Bloch

sphere.

The rate at which this occurs Tgip is proportional to the hole relaxation time and was

estimated for bulk semiconductors by reference [49] to be:

3 1/2
1 _ 2aB (2Ecb) (nflw(0)|2+§nb), (43)

TBAP  ToUp \ mM*

where n, and n;, are the concentrations of free and bound holes respectively, F,, is the energy

of an electron in the conduction band and

() ﬁ
ap = — | €,Qp vp = —
w uap
64FEgh I h?
To = B =
3mA2 2ua%

2.5 Overview

In this chapter we have presented the theoretical basis for modelling spin and spin transport
using the Bloch equation and the main mechanisms for spin orbit coupling in semiconductors.
In the next chapter we will cover electronic bandstructure calculations in bulk semiconductors

using the k - p method.
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3 Bandstructure Calculations: The k.p method

Electronic bandstructure calculations are useful for understanding many kinds of physical
phenomenon associated with semiconductors. One such procedure for conducting these
calculations is known as the k - p method and is a powerful technique for evaluating band
structures of both bulk semiconductors and heterostructures. Starting with a point in k-
space kg for which the eigenvalues and eigenfunctions are known exactly, the basic technique
involves calculating the band dispersion away from ky, through the use of non-degenerate
perturbation theory. The precise position in k-space of kg is arbitrary. However, it is usual
to take a point of high symmetry such as the I' or X point to exploit the symmetry when

dealing with momentum matrix elements (see Figure 8).

Az

Figure 8: Diagram to show the first Brillouin zone for an FCC lattice. The point I is lo-
cated is located at the centre of the Brillouin zone (i.e. k, = k, = k, = 0), the capital
letters: X ,K ,L ,U and W (shown in red) indicate the points of high symmetry and the

remaining Greek letters: A;3 and A (shown in blue) denote lines of high symmetry.

We start with the general Schrodinger equation for an electron in a 3D crystal with spin
orbit coupling:
2

1) = (24 6r) + s (VY X p-0) i) = Bu(r) (44)

2my 4mg

Where p = —ihV, V is the crystal potential and G(r) is the periodic potential of the lattice
and obeys G(r) = G(r + R) for all vectors R of the direct lattice. We can now use Bloch’s
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Theorem to re-write equation as[50]

(%JFG( )+ 4m e (VVxp)-o+ k- pt+ it ’“2 (VV xk)- )unk(’r) = Eui(r) (45)

4m Am2c2

The term # (VV X k:) -0 is a k-dependent spin-orbit interaction, which is small compared
0
with the other terms because the crystal momentum k is small compared with p thus this

term is often neglected and equation can be simplified to:

Huy(r) (m F G+ 5 (VV X ) o+ kop+ B2 )a( ) = Bun(r)  (46)

2myo

In order to solve equation (46]) we need to make use of perturbation theory, we assume that
the solution to the Schrodinger equation is known for a particular potential with Hamiltonian

Hy and we have obtained the eigenfunctions |n) and eigenvalues € of n bands such that
Hy |n) = e, In)

We now take a new Hamiltonian H which is close to our original Hamiltonian Hy but differs
by a small amount W thus H = Hy + W. We can apply this approach to equation by

noting that our Hamiltonian has two parts one that is k-dependant and one that is not.

m

Hupp(r) =~ <2m0 +G(r) + %CQ (VV X p) co+ miok -p+ gzkj )unk(r) = Euni(r)
o N——

.

g

Hy W (k)
Thus we can take the k-dependant part W (k) as our perturbation and using some simple
results from none degenerate perturbation theory [51],31] we can approximate the eigenvalues

e, and eigenfunctions [¢) to second order as:

En ~ 0 + Acl + Ac? (47)
(n|Wm)
~ |n) + Z ' ' m) (48)
m#n

Where Ael and Ae? are the first and second order corrections to the energy given by:

Ae) ~ (n|W|n) (49a)
[ {nW|m)|*

At this point, we note that these perturbation corrections rely on diagonal matrix elements
and thus the interaction of each band with every other band in the system. As we in principle
would need to include an infinite number of bands (which is computationally impractical
at best) we need a way to reduce the number of bands and parameters required for the

calculation. Fortunately, two factors work in our favour:
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1. The influence of remote bands is weak and scales proportionally with distance. Thus
we can neglect many of the highest conduction and lowest valence bands without losing

too much in the way of accuracy.

2. Due to orbital symmetries many of the inter-band interactions are equal to zero with
only a small number leading to non-zero values, this drastically reduces the number of

inter-band matrix elements required for computation.

Thus in our system, we will initially consider the so-called Kane model [52]. This consists of
4 bands (doubling to 8 with the inclusion off spin) the lowest conduction band and the three
highest valance bands. The so-called heavy hole, light hole and split off bands (see Figure
9). We will later extend this model to include two higher lying conduction bands and the
effects of mechanical strain (giving a total of 14 bands with the inclusion of spin see Figure
11). However for now to continue, we need to take a brief diversion to cover the symmetry

properties of the included bands.

Figure 9: Diagram of III-V semiconductior bands near I" point used in the Kane model.

3.1 Symmetry properties of Eigenfunctions

The bands in semiconductors originate from the overlap of the atomic orbitals categorising
the outermost atomic shells which consist of sp® hybridisation states and the bands they

form are described by combinations of these p and s-like states.

For a direct band-gap semiconductor (e.g. GaAs) at the I" point the conduction band has
an s-like symmetry, whilst the 3 valance bands take their symmetry from linear combinations

of the three orthogonal p orbitals p,, p,, and p, (see Figure 10).
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] P,

Figure 10: Diagram to show the shapes and symmetries of the sp® orbitals. The S orbital
is spherical and hence symmetric in along all three axes whilst the three p-type orbitals

are anti-symmetric along the direction of orientation.

If we look at the shape of these atomic orbitals, we can get a better understanding of
the symmetries involved. Figure 10 shows the shapes of the four different possible orbitals.
The s orbital is spherical and therefore symmetric about all three axes the three p orbitals,
however, are anti-symmetric along their axis of orientation. This is useful if we consider the
momentum matrix element between Bloch functions from s-like states (us) and p-like states

(u; where i = z,y, z) from which we can gain four key pieces of information:

1. (ug|u;) = 0 which arises from the fact the p orbitals are all odd functions along their
respective axis whilst the s orbital is even along all 3 axis, thus the interaction produces

an odd function which vanishes when integrated over all space.

2. (us|plus) = (us|p;lu;) = P since the momentum operator is given by p = —ih(% +
% + %—f) which along any axis makes odd functions even, since it is the derivative of

that function. Thus the operator does not vanish but is instead defined as the constant
P (the value of which is material dependant can be obtained by fitting to experimental
data).

3. (us|piluj) = 0 for j # i this is an extension of point 2
4. (us T|plu; §) = (us Lp|u; T) = 0 since opposite spin states do not interact.

The exact combinations of orbitals we use to form our bands depend upon the basis we
choose. However the spin-orbit interaction is non-zero and mixes the spin states |o) so if we
were to simply use the Bloch functions we have already defined (|vo) where v = ug, uy, uy, u,
and ¢ =7,]) the Hamiltonian at £k = 0 will contain off-diagonal terms which will make
the calculations much more involved. Thus for convenience, we will use the same so-called
“intelligent” basis used by Kane[52]. In this basis, Kane deliberately chose combinations of
orbitals such that the total angular momentum J = L + ¢ at the I' point will be diagonal

and thus the Hamiltonian H, will be diagonal allowing us to solve it exactly.
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For our s-like state us L = 0 — J = 1/2 and for the three p-like states u,,u, and w,:
L =1— J=3/2or 1/2. Thus our conduction band (u.) and three valence band states
(ugm,urm, and ugp) may be written as the following simple linear combinations of our Bloch
functions. [53] 8, 50].

e T= lus 1), ue 4= |us 1) (50a)

i 1= — 5 (Ju, >+z|uy ™) (50D)
wnn 4= 5 (s 1) — i fu, 1)) (50c)

wwa = =5l 1) + iy 1) =2 1) (00
A= s 1)+l 1) — 2 1) o0
uso T= _\/L§(|ux T +ifuy 1)+ [u. 1)) (508)
uso A= e 4+, 1) + s ) 0e)

Finally we must consider the band energies at I" point in our case we will take the energy
at the bottom of the conduction band to be 0, this means the degenerate heavy and light
hole bands will have energy F, = —FE, where Fj is the direct band gap of the material
and the split-off band will have energy E,, = —FEy — Aq (see Figure E[) These can all be
determined experimentally and thus can be used as input parameters alongside P. Using

this information, we can now construct the Hamiltonian for the system

mmz(m mﬁ (51)

where H., H, and H,, are matrix blocks the explicit form of which can be found in Appendix

Al

Finally using equations (#7)) to (49) we can now calculate the n'" eigenvalue of equation

as:

o) = o+ 1 3 L D phunl0, D (52

Thus we can compute the eigenvalues corresponding to the conduction and valence band
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dispersions as:

_ R2k2? k2P2 (3Eo+2A) _ h2E2
€C(k) - QITQ 3 EO(%O+A) - QIm? (53&)
enn(k) = —Eo+ £E (53b)
(k)——E +h2k2 ) i - . h2k2 (53 )
CLH\RN) = =80T 955 = 3B, T P00 T 2mr ¢
21.2 2 p2 21.2
eso(k) = =By — A+ 55 — gpin = — By — A — 3= (53d)

It should be noted however that this model gives an incorrect band dispersion for the heavy
holes as experimental measurements show it should curve downwards, analogous to that of
the light hole but with an effective mass of m; h (see Figure@. This anomaly can be overcome
by the inclusion of coupling with distant bands we can do this by following the method laid
out by Pfeffer and Zawadzki [54] in which they adapted the 8 x 8 Kane model to include
two additional conduction bands, one doubly and the other quadruply degenerate making a
total of 6 extra bands with spin (the so called extended Kane model[8, [53]). Alongside this,
they modified the valance band part of the Hamiltonian to include the effects of even more
distant bands using a method developed by Luttinger and Kohn [55] which makes use of
the Lowdin perturbation method[53] (also called Lowdin partitioning) to include far band

effects using so called Luttinger parameters.

3.2 The extended Kane Model

To extend our existing Hamiltonian (and hence increase the accuracy of our calculations) we
can include the effects of two additional conduction bands. To do this, we’ll introduce some
new notation borrowed from group theory [8]. Thus the lowest conduction band doublet is
denoted as T'g., the heavy/light hole quadruplet is I's,, and the split off doublet is I'7,. The
two new bands will be denoted as the doublet I'7., which has energy minimum F; and the
quadruplet I's, which has its minimum at E; + A; (see Figure .

These bands have p-like symmetry similar to that of the valence bands. Thus we can

extend our "intelligent” basis using the Bloch functions /., u; and v/, to obtain similar basis
functions and energies which are given in table |1} Finally in addition to P we have 3 new

non-zero matrix elements:

Lo (uslplug) = o (us|pflui) = Py

2. o (ualpylul) = = (uglpylus) = Q

along with all other equivalent combinations e.g: (u,|p.|u.)
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Figure 11: Diagram of III-V semiconductor bands near I' point used in the extended Kane

model.
3. 12 (1[VVe X ply i) =~ (][VVe X plyfus) = A~
and again with all other equivalent combinations e.g: 25 (u,|[VVy X plo|ul)
0

Once again these are material dependant and have been determined by fitting to experimental
data thus we can use them as inputs into the calculations in the same manner as P and the

energies at the I' point.

Thus we can build a 14 X 14 Hamiltonian for the system

Hc Hcv Hcc’
H14X14 = ch HU H’UC’
Hc’c Hc’v Hc’

where H., H, and H,., are the same matrix blocks used in the original 8 X 8 Kane model
which in addition to H., H,. and H.. are again given explicitly in Appendix A.
3.3 The Luttinger-Kohn Method

The final part of the method laid out by Pfeffer and Zawadzki [54] involves the inclusion of

the so called Luttinger Hamiltonian for the valence bands. This is a modification to the k-p
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Band Basis function Energy
Lgc |ue 1) 0
Juc 4) 0
Is, —5 [(ug +iuy) 1) —E
£ [ (ug + iuy) 1) —E,
lu, 1) - L l(ua i) b | —F
V3l D+ sl tan) 1) | B
Do | =l ) = &5 (e + i) 4) | —(Bo + Do)
D, ) = L i) 1) | —(By+ Ag)
Tse — 1 |(ul, + i) 1) By — Ey+ A,
%!(u;—i—zu;) ¢> Ei — Ey+ Ay
sl 1) — o [(wh +iuy) L) | By — Eog+ Ay
Sl ) + | +iw) 1) | By — By + A
Tre | =g lul 1) — o |(u, +iug) 1) Ey — Ey
L L) — 2|+ iu) 1) | B — By

Table 1: Basis functions/energies for 14-band k - p model [§]

Hamiltonian and involves a different approach to the problem of interactions with far bands.

Instead of ignoring the effects of far bands Luttinger proposed separating out the bands of

interest (in our case the 6 valence bands) in order to treat them exactly whilst treating the

interactions with all other bands as a perturbation.

Thus in the intelligent basis used in table 1| we can replace the 6 X 6 matrix H, with the

6 X 6 Luttinger-Kohn Hamiltonian given by:[55, [56, 57]

P+Q S R 0 —%
-8t P-Q 0 R —20Q
Rt 0 P—-Q S 35+
Hpx =—
0 Rt St P+Q —V2R*
-5 V20t /35 —V2R P+A,
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Where

P =" (k2 1 k2 4 k)
mo
Q=52 (k2 + k2 — 2k2)
R = g [V (K2 + k2) + 20v/39f ke,
S = B \/3(k, — ik
mo

The constants &, 72 and 74 are know as Luttinger parameters and can be expressed using

momentum matrix elements as:

——jSmfyf = +(L+2M)
L2
a2 = (L — M)
2 N
h L
T omg 13 T g

where

_ A R }:IUzIleuj
 2mgo +

R hz E |ux|Py|u]
T 2myo +

N = K2 E <uI|PI|uJ><u]‘PI|uy> (ua | Pyluj)(uj|Peluy)
Ep—E;

__ 2mg
E, = 20p?

In practice, however, the Luttinger parameters have been experimentally determined for a
number of materials using cyclotron resonance [58]. Thus they are used as inputs in the
same manner as the band energies (Ey, £, A¢ and A;) and Kane parameters (P, Py, @ and
A7) from the previous sections. There is however one more modification required to adapt
the 14 X 14 extended Kane Hamiltonian. Due to the explicit inclusion of the 8 condition

bands in the Hamiltonian we will need to modify the Luttinger parameters using Equations

(B)a-c[54., 53].

_ 2mg P2 2mg Q> 2m, Q?
M =Nt TR T R 3 E) T R A TA) (58a)
m 2 my
=+ B + 6(11351) (58b)
m 2 mg 5
y3 =k + A B Zmo e (58¢)
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3.4 Adaptation for Semiconductor Hetrostructures

Thus far we have only dealt with the case of bulk material. However, the k - p method has
been shown to be easily adapted to nanoscale Heterostructures such as quantum wells using
the envelope function approximation (EFA). This can be seen as a generalisation of the k- p
method in which we have electric or magnetic fields that are slowly varying on the length
scale of the semiconductor lattice. Figure 12 shows a simple quantum well consisting of two
lattice-matched materials A and B grown in the [001] direction (z-direction) with an external
electric field V,.(z) oriented in the direction of the well. The band energies Ey, E1, Ay and
A; and Luttinger parameters will now be position dependent and behave like step functions
as we move from one material to another. We will also have a position-dependent potential
V(2) = Vew(2) + E.(2) where E. is the position-dependent band edge profile forming the

QW in the conduction band. The general Schrodinger equation for this system is given by:

A B A

EVext(Z)

y
l 4
X

Figure 12: Diagram of quantum well formed in the conduction band of a heterojunction

between two lattice matched materials A and B.

() = (4224 U0) + YV xpeol + V) ol = But) 69

where p = —ih'V and U(r) is the periodic potential of the lattice and obeys U(r) = U(r+R)

for all vectors R of the direct lattice.

The Envelope function theory states that wavefunction in each material can be expanded

on the periodic parts of the Bloch function as[50, 53]:
Fi(r) =Y Fi(r)us (60)
J
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where: 7 is the position in real space, o represents the spin eigenstates (T,]), Fj(r) are
slowly varying envelope functions, ujo are the periodic part of the Bloch functions at k =0

and j is an index that runs across all included bands.

For our case though, we have a wavefunction in each material A and B thus
Yalr) = Fi(r)up
J
vp(r) =Y FP(r)uj
J

However since the periodic Bloch functions are assumed to be the same in each material (i.e.

uﬁ) = u%) the heterostructure wavefunction can be written as:

Yap(r) = Z FMP (r)ujo (61)

we can make a further observation that if uﬁ) = uﬁ) is true the inter-band matrix element
ps from (S|p,|X) must be the same in both materials and if we also assume the lattice
constants of the two materials are the same thus the envelope is invariant under translation

in the layer (x — y) plane thus it can be re-written as:

FJA(’I") = FjA(T'J_, z) = \/Lg exp(ik - rL)XJA(z) (62)
FjB(r) = FJB(TJ_, z) = \/Lg exp(ik, - m_)xf(z) (63)
FM(r) = FM(ro,2) = Jeexpliky - r1)x; " (2) (64)

Where S is the sampled area and k; = (k,, k) and is assumed to be the same in both layers
A and B.

By substituting equation into Y multiplying the left hand side by u}, and integrating

over one unit cell (of volume 2) we obtain the eigenvalue problem:

: n2k? 1 Rk A,
Z (|:€0j - E+ 217)no + 2m0|:| (5]‘]'/ + m_o (pz + m—ol) . Wjj’)Xj B(Z) =0 (65)

J
where: £, is the band edge energy at the I' point for the j band, §;; is the Kronecker delta

and
1 * ho X V'V (r 2
Ty = 5/9“3"(7") [p+ i(T&() uj(r)d’r = pjj
Finally, in order to solve for the 14 envelope functions x;(r) and (ultimately calculate the

band structure for the quantum well) we need the 14 X 14 system Hamiltonian. Bastard
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showed, [59] that if we assume the envelope functions are continuous at the A-B interface
the system Hamiltonian can be found by making a few small changes from the bulk k - p

Hamiltonian given by equation (3.2)) these are [50, [53, [60]:
1. The addition of the potential V' (z) on the diagonal
2. The substitution of k, — —i%.

Thus we have all the information we need to obtain the 14 coupled differential equations

needed to calculate the 14 wave-functions and thus the bandstructure for the system.

3.5 Calculation of Rashba and Dresselhaus constants

Finally, we would like to estimate the constants associated with the D’yakonov-Perel mecha-
nism for spin-orbit coupling, i.e. The so-called Dresselhaus and Rashba material dependent

constants associated with bulk and structural inversion asymmetry respectively (see section
for more information).

We start with an asymmetric quantum well with the growth direction z taken as the
[001] crystallographic direction similar to the example used in the previous section. The

Hamiltonian corresponding to the conduction band can be approximated as the following[8]:
H,= H,— H,.(H, — E)"'Hy (66)

where

with all other matrix blocks having the same definitions given in Equation (3.2]).

The matrix inversion (H;. — E)~! can be simplified by making the decomposition
(H. — F) = A — D, where A is a matrix with diagonal elements equal to the those of
H,. — F and D is a matrix whose off-diagonal elements are equal to those of H;., — E. Thus,
H.— FE = A(l12x12 — A7'D) and therefore:

(Hy — E)™' = (Ligxiz — A7'D) A & [(Ligxie — A7'D)H(AT'D)? + (AT'D)* ... ] A7}
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Thus keeping the expansion up to second order we obtain:

(H, —E) '~ A"+ A'DA—-1+(A'D)*’A™! (67)

H,— F 0 0 Hy»
A= and D= —
0 H,—FE H., 0

Finally, using equations and we obtain the approximate Hamiltonian for the two
conduction bands
- n o { 19 ] R kj

m*(z, E) 0z - 2m*(z, F)

where:

+V(2)+ Hgr + Hp + Hyp, (68)

1 1 2P2 2 1 2P} 1 2
m*(z,E) — mo + 3 <Ev(z)E + ESD(Z)E> B 375 |:Ec/(z)E + Gcl(z)E:|

8P PA- 1 B 1
9h? E_(z)Eso(z)—E Ey(2)G(2)—F

with

gq

—~
N

S—
I

Ee(2) = Eo(2) + Vear(2), Ey(2) = Ey(z) — Do(2)
Eo(z) = Ee(2) + [En(2) = Ee(2)],  Ge(2) = Eo(2) + Au(2)

The terms Hgr and Hp correspond to the Rashba and Dresselhaus spin orbit interactions

and are given by:

Hpr = agp(2)(k,oy — kyoy) (69)
Hp = (kyo, — kyay)% (’Y(@%) (70)
Hy = (4 - B0 |5 ()] + 9 — ko ik, )

with the material dependant spin orbit coupling parameters apr and v being given by:

dB(z)
anr(z) = dz
p? 1 1 p? 1 1 2PP A 1 2
B(Z) - T(Ev(z)fE B Eso(z)fE) + Tl(GC/(z)fE B EC/(z)fE) + 91 (EU(Z)GC/(z)fE + Ec/(z)EsofE‘)
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c c

_ 4P PQ 1
v(z) = 13 (EU(Z)E (z)—E Eso(z)Glx(z)—E)+

4QA~ Py 1 2 P2 2 1
9 |:EC/(Z)G‘1/(Z)—E (Ey(z)—E + Eso(z)—E) B EU(Z)ESO(Z)—E(EC/(Z)—E + GCI(Z)—E)

These can then be further simplified by noting that a general function of the form w—iy —
1

T—yY—=z

can be approximated as the following series

1 1 — ( 1 1 ) .
—_ = _— €T
-y v—y—z “Z\(y+z)" Y
Therefore by remembering the definitions (and dependence on V,,;) of E, and E,, and

taking the zero of energy to be the bottom of the conduction band (i.e. E. = 0) we can

express the equations for agg and 7 to first order as

(5 =1 { P2 Pt P P2 } AV
Aprl2) = 5|77 — — —
’ S|(Fo+Ag)?2 E2 T E?  (BEy+A)?] dz (72)
2P PA” { 1 B 1 B 2 N 2 } dVews
9 El (El + A1)2 Eg(El -+ A1> E1<E0 + A0)2 E%(EO + Ao) dz

) 4APP,Q { 1 1 } 4AP2QA~ { 2, 1 }

2) = _ _ J— —
g 3 E0E1 (Eo + AO)(El + Al) 9E0(E0 + Ao) E1 E1 + Al (73)

ames 1,2
9E1 (El + Al) EO E1 + AO

3.6 Overview

In this chapter we have presented the mathematics of the k- p technique for calculating elec-
tronic bandstructures in bulk semiconductors, its adaptation for semiconductor heterostruc-
tures and the calculation of Rashba and Dresselhaus spin orbit coupling coefficients oy, and
~ used in the density matrix model for the spin-orbit coupling. In the next chapter will cover

the details of the Monte Carlo technique for device simulations.
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4 Monte Carlo Simulations

The Monte Carlo method is a powerful simulation tool based on selections random numbers.
The initial method is generally attributed to the work of Fermi and Von Neumann during the
Manhattan project in which the technique was used in connection with neutron scattering.
The procedure itself, however, is quite universal and was adopted in the late 1960’s for use in
semiconductor transport simulations [61]. The basic technique involves tracking the random
motion of an ensemble of electrons as they move through a material; under the influence of
an electric (or magnetic) field, and can be used to examine the effects of random scattering

events, doping, material boundaries, heterojunctions and gates on the electron transport.

4.1 The Ensemble Monte Carlo Method

The basic principle of the ensemble Monte Carlo method for electron transport is to simulate
the motion of an ensemble of carriers in momentum space. We will start by considering the
motion of just one electron in an electric field over a time step 7. First the “free flight”
time tau is determined using a random number generator. The electron is then allowed
to drift in the field for this period after which it undergoes some scattering event, due to
interactions with phonon’s, ionised impurities etc. (see section . This whole process
is then repeated until the total time t is greater than some time t%,,,, at which point the
simulation is halted (see figure . The time 7 is dependent upon the total scattering rate
Lr(Eg) = Z;\le I';(E)) where j is an integer subscript to denote the scattering mechanism,
thus for N possible mechanisms we have 7 = 1,2,3,...,N. Thus the probability of an

electron travelling for a time 7 and then being scattered P(7) is[62]

P(r) = Dr(Ey) exp (— /0 FT(Ek)dt). (74)

Therefore, to determine 7 for a given P(7) using a random number 7, we need to evaluate
this integral, however, this is far from easy due to the complex forms that the various
scattering mechanisms take. To simplify this problem and allow for an analytical solution to
equation ([74)) we can employ a so-called “self-scattering” mechanism|[62] [61]. This involves
imputing a virtual scattering event which does not change the k-vector of the electron but

has a scattering rate Iy such that the new total scattering rate I' becomes constant, i.e.
Ip=T- Zjvzl I';(Ek) and thus:
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Figure 13: Flow charts to show the basic single particle and ensemble Monte Carlo method

P(r)=Te " (75)

The time 7 can then be easily determined using a random number r; as:

(76)

In practice, it is important to consider the precise value of I' since if it is too small, we will
obtain a negative value for I'y within the energy range of interest. However, if it is too large,
we lose computational efficiency as we would be wasting CPU time self-scattering. Thus I

is usually taken to be slightly larger than the largest value possible of I'r(Ey)[62].

Now that we have the case for a single particle the extension to an ensemble is fairly
straightforward the main alteration to the method is that we now have to run the scatter
and drift process over all the particles in the ensemble during a time step A,;. However, since
the free flight time for each particle is determined at random, each electron has the potential
to scatter more than once during each time step. Thus we begin by defining the time left
in the time step as ¢; (which is initially ¢; = 0). For each particle N in the ensemble 7 is
determined and the value 7 + t; is compared to A;. If this is less than A, then the process

continues as before, whereby the electron drifts for time 7 then scatters. At the end of the
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scattering, however, the value of 7 is added to ¢;, and then 7 is re-calculated for the next
cycle. If however T + t; is greater than A; the electron is allowed to drift for the remaining
time ty = A; — t; after which the process moves to the next particle in the ensemble. Figure
shows a flowchart of the ensemble method which is repeated for each particle and for

each time step until a time t = £,,,,, is reached.

Now that we have the basic method we will need to develop the free flight and scattering

processes in more detail which will be the subject of the next two sub-sections.

4.2 Electron transport in a semiconductor crystal lattice

We recall from section [3] that for electrons in a periodic crystal lattice we can re-write the

general Schrodinger equation using Bloch’s Theorem as:

2mg

Huni(r) ~ (”—2+U(T)+#[VV X p|-o+ ik pt oL

)unk(r) = FEuy(r), (77)

where p = —iAV and U(r) is the periodic potential of the lattice and obeys
U(r) = U(r + R) for all vectors R of the direct lattice.

This equation leads to the formation of energy bands with a characteristic separation
of energy E, between the lowest conduction band minima and the highest valence band
maxima. For electron transport, however, only the region near the conduction band minima
(and by extension the valence band maxima) needs to be considered to capture the necessary
physics of the system. As such it is common to approximate the band dispersion (k) using

a quadratic function of k [61], 62]. For conduction band minima at the I point (k = 0):

e(k) = L& (78)

2m*
where m* is the effective mass given by:

11 9(k)
m*  h? Ok2

For conduction band minima lying on the A or A lines

e(k) = B(£L 4+ i) (79)

* *
2m, 2mj

where k; and k; represent the longitudinal and transverse components of k with respect to
the valley direction whilst m; and m; are the longitudinal and transverse components of the

effective mass.
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For the valance bands, a similar procedure can be adopted for the light and heavy hole
bands (the split-off band is not usually considered because of its energy separation and
comparatively small density of states [61])

h
e(k) = o —(AR? & [B*K" + C*(k7ky + kyk? + k2k2)]?) (80)
mo
where my is the electron mass, 4 represents the heavy and light hole bands respectively and

the coefficients A, B and C are parameters determined from experimental data.

Aside: non-parabolic approximations For particularly high electric fields the carrier
energy may be far from the band edge in which case we will need to switch to a non-parabolic

approximation for (k) which is given by [62]:

e(k) = Vo (81)

2a

where (k) =

m*)2

P2 and « is a material dependant constant given by a = Ei (1 —
g9

2m

These dispersion relationships show us that electrons in a crystal behave just like free
electrons only with the electron mass being replaced by the effective mass m* and hk playing
the role of momentum (this is often referred to as the crystal momentum). Thus as long as
the potential energy ’felt” by the electrons is slowly varying when compared to the crystal
potential, we are able to ignore quantum effects such as tunnelling and we can use classical

equations of motion to describe the electrons as they travel through the crystal.

If we take the total energy of the system H = Ej 4+ U, where Fj and U are the kinetic
and potential energies respectively. We can adapt this equation by making the kinetic energy

k-dependant and setting the potential as the conduction band minimum FE.(r) given by:
E.(r) = Eyoe — x(1r) — eV (7)

Where E,,. is the vacuum level x(r) is the electron affinity and V(r) is the electrostatic

potential.

The equations of motion can thus be easily constructed as[62]:

dk 1

- _VH 2
dt hV (82)
dr 1

where V and V| are the gradient operator for real and k-space respectively.
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Thus for a conduction band minima at the gamma point (see equation (78)) the group

velocity is given by: -
v, = % (84

and for minima along A or A (see equation (79)) we have:

hkr |
~ L 85
0= o T (85)

assuming the electron is travelling through a constant electric field E the work done de by
the field in time interval 0t is:
de = —eEvgyot

We now note that

de
e = @6 = hvgok

eFE
()

which we can re-write in terms of the external force F as

dk
h— = —¢E =F 86
i (86)

Thus we have

we can also include the effects of the Lorentz force from a constant weak magnetic field B
as [51, (61, 6]
dk

hSs = —e(E+v, x B) (87)

4.3 Carrier Scattering: Basic Theory

Electron Scattering is important to consider when simulating electron transport though a
semiconductor crystal lattice. The various scattering processes involved can a have a marked
effect on the electron dynamics as the ensemble moves across the lattice. Thus in order to
achieve a realistic device simulation that matches experimental observation the importance
of scattering cannot be ignored. There are several different mechanisms by which scattering
can occur (the physical origins of which will be discussed latter in this section). Quantum
mechanically however, all forms of electron scattering can by regarded as a small perturbation
H'’ to the electron Hamiltonian H, the effects of which can be accounted for using time

dependant perturbation theory.
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To derive the fist order approximation for transition the probability P(k,k’) between
initial and final eigenstates k and k’ due to a perturbation H’, we must first introduce a
real dimensionless parameter A such that the time dependant Schodinger equation for the
system can be re-written as [62]:

p(r,t)

i
o

= (Ho + AH" ) (r, 1) (88)

If we now assume that the unperturbed Hamiltonian operator Hy is simple and has a known
solution given by:

Hothy, = By,

where FEj are the eigenvalues with corresponding eigenfunctions v¢. We can re-write the

time dependant solution as:
YR(r ) = e B0

and since v is a complete orthonormal set, we can express ¥(r,t) as a linear combination
of 99, with coefficient Cy(t) such that:

=) Celt)g(r, 1) = Cy(t)eFxt/n
k
Substituting this into equation gives:

hz ack 71E1€t/ﬁ — )\ Z H/Ck(t)wk(r)efiEkt/h
k

Finally multiplying both sides by 5 (r)e’fxt/" and integrating over = gives us:

60/ 1yt i[E] —E},
hz 4 _)\Z (K'|H'|E) Cyp (1)’ Fi—Erlt/h (89)
k

To approximate the coefficient Cy(t) we use a power series in A[62]

Cr(t) = CY + ACL(t) + N2C2(t) . ..

substituting this approximation up to second order into Equation gives

L (0C),  OCL(t) IC% (1) -
A k A k )\2 k — kl H/k i[E,—EL]t/h A 0 AQ lt A3 2 t
Z(at R T ) §< |H[k) e (AR + X2Ci(t) + N'CE(1))

44



If we equate powers of A on both sides we find

acy,
1
k
2
2 S ) o) (90)
k

From this we can see that the zero-order approximation of Cy(t) (C}) is constant in time
and thus we can easily evaluate C(t) to first order using using equation . If we now
consider the initial condition at ¢ = 0 that all except one C} are zero i.e. the electron is in
a definite perturbed eigenstate k; at t = 0 we have

7

Cp(0)=Cl=0  (k+#k)

and

OC, (t)
ot

]

— <k/|Hl|kz> ei(Ek/*Eki)t/h (91)
We now assume that H’' depends harmonically on the time as
H/(t> — Hle:l:iwt

(this is considered a valid assumption since even if it is not directly a harmonic dependence, it
may be harmonic for one Fourier component of a more general function of time, see reference
[62] for more details.)

Substituting this into equation gives

OC (1)

h — k, H’/ kz ’L'(Ek/—Ekiiiﬁw)t/h
2% (g ke

Integration from 0 to ¢ then gives

1 By~ B hw)t/h_
Cr (t) = ih (k,|Hl‘ki> i(E)y — By, hw) [k ' <92>
This can then be re-written as
1 - sin(Ct)
(t) = = (K'|H'|k;) et —2"2¢
Cut) = 75 (KB k) =25 (93)
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where C = (Ek:’ — Ekl + hW)/QFL

Since probability of finding an electron with wave vector k at time t is given by |Cy (t)[?
we can calculate the transition probability from a state k; to k’ per unit time (i.e. the

transition rate) as

P(k;, k') =

Cut P | (k| H k)| {sm@t)] t (94)

12 (t

We now note that in the limit ¢ — oo the width of the function [Sm(ct |? becomes very small

and can be approximated as a Dirac d-function. Thus finally, using the identity

INESES

] by 0(¢)m/t and the transition rate can be written as

we can replace [

2—”1 (K'|H'|k;)[6(Eyy — Ep + hw) (95)

P(k, k') = W

For Monte Carlo calculations however we need the scattering rate I' which can easily be

found by integrating Equation (95)) with respect to the final state k’ to give

2 Q
I(k) = 2= /| (! ||k P8y — i % heo)dk! (96)
This is the well known Fermi Golden rule and is used in the Monte Carlo engine to calculate
the probability that a scattering event has occurred during the time step dt. The precise
from of H' is depends upon the scattering mechanism that is considered this will be the

subject of the next section.

Aside: Form factor for non-parabolic approximations It should be noted that Equa-
tion assumes the use of a parabolic band approximation. To adapt the equation for use
with non-parabolic bands we need to introduce a overlap integral G(k, k") (often called a
form factor) into the matrix element (k’|H’|k;) such that [61] 62],

27TQ

(k) =

|H' k) *| G (R, k) [*0( e — By £ hu)dk/ (97)

for the parabolic case G (k, k') ~ 1 and so is often neglected. For the non-parabolic case

however, |G (k, k') can be approximated as [62, 61]
1G(k, K)|> = (apar + bbi cos(6))?) (98)
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where 6 is the angle between k and k’ and ai and by, are given by

where « is the same material dependant constant used in Equation (81)).

More information alongside a more detailed derivation for the overlap integral can be
found in References [61] and [62] for the remainder of this work; however, we assume that

all the scattering mechanisms use parabolic bands and thus G(k, k’) is neglected.

4.4 Scattering Mechanisms

We will now briefly discuss the physical origins of several common scattering mechanisms

that are important for simulations of electron transport in semiconductors. These are:
e phonon scattering
e interactions with ionised impurities
e alloy scattering
e surface roughness

All of these interactions can be classified by there initial and final energies as either Inter-
valley; whereby the initial and final energy states lie in the same conduction band valley, or

Intravalley where the initial and final states are in different valleys.

Phonon Scattering When considering the effects of scattering on the electron transport
through a solid perhaps the most important interaction is that of electrons with Phonons. A
phonon is simply put a quasi-particle that is associated with vibration in the crystal lattice.
In a perfect crystal, each atom is joined to its neighbours in 3 dimensions by bonds in a

repeating pattern. This system can be modelled as masses joined together by tiny springs.

As one atom gains energy from outside the system (usually from heat or sound waves),
it vibrates, and this vibration travels down the chain of particles as a mechanical wave.
These waves which travel throughout the crystal have a definite momentum and energy and
thus can be divided into small packets which are discrete units (quantum) of vibrational

mechanical energy. Therefore, we can treat these wave packets quantum mechanically as
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particles called phonons (these are analogous to photons being particles/wave-packets that

act as the quantum for electromagnetic energy).

Phonons can form two distinct types of vibrational modes known as optical and acoustic
modes. Acoustic modes form when all N atoms vibrate in phase (similar to sound waves
travelling through air hence the name) with the number of possible modes, equal to the
number of vibrational degrees of freedom (see figure 14). Optical modes (which are named
because in many crystalline materials such modes can be induced using infra-red radiation)
form when atoms vibrate out of phase, with the number of possible modes being given by
D(N —1) where N is the number of atoms in the unit cell and D is the number of vibrational

degrees of freedom (again see Figure 14).

Optical

Figure 14: Diagram to show optical (top) and acoustic (bottom) phonon modes for a lat-

tice consisting of two distinct atoms A and B.

We can describe these modes as collective oscillations of ions with the displacement U of

an ion at a lattice site R being the superposition of these oscillations given by [62]:

5 2 -
U(R,t) = Z <2pqu> é,(a, + afq)e aR (99)
q

where: q is the phonon wave vector, w, is the angular frequency, p is the crystal density,

Q) is the crystal volume and aJ_rq and a, are the phonon creation and annihilation operators

respectively. The unit vector €, is used to define the polarisation direction of the phonon

48



whereby for an symmetric crystal we have for any given q one longitudinal mode (q is parallel

to €,) and two transverse modes (q is perpendicular to €,).

If we now take a phonon moving through the crystal lattice, the small change in lattice
constant will produce a small instantaneous change in the energy bands it is this change in
energy that causes the electrons to scatter. The change in lattice spacing can be expressed
by the induced strain in the lattice given by V - w(r,t) Thus we can write the interaction
potential H' as:

H' =Z,V -u(r,t)

for acoustic phonons where =, is the acoustic deformation potential.

Since V - u(r,t) vanishes for transverse phonons we can substitute these into equation

to obtain:

o\ .
Ht/zcous ic — ZEdq( ) €, (CL + ai_ )ezq~R' (100)
t ; QPqu aq\"q q

+

The operators af and a, satisfy the commutator relation aqa;

o,
ag ag = dqq- Therefore

the Hamiltonian for the absorption or emission of a phonon can be expressed as [62]

H = Z hwq(a;aq + %)
q

and if we denote the eigenfunction of the initial state of the electron as |¢) and the final
state as [c/) we have a}aq|c) = ng|c), where ng is the number of phonons with mode ¢ in

state |c). which for a Bose-Einstein distribution at lattice temperature T}, is given by [62]

1

0 = i, [Ty — 1 v

Thus we can obtain the energy eigenvalues as

gq = hwy(ng + %)

The matrix elements corresponding to the phonon emission and absorption processes are

then given by:

(d|ag|c) = /ng - absorption (102)
(dlaj ) = \/ng+1 - emission (103)
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Therefore by using the golden rule given by Equation we can obtain the probability
per unit time of an electron transitioning from state k to k’ due to interaction with a non-

polar acoustic phonon as [62], 61]:

—2 2
=
pwgs)

Pacoustic(k, k') = (ng + 3+ 5)0(k" — k£ q)d(E(K') — E(k) & huw,) (104)

The two delta functions in equation (104]) ensure the conservation of both momentum and
energy, since E(k') = E(k) + fw, and k' = k + q.

If we now note that for a parabolic energy band the energy conservation can be expressed

;’Z’Z = gff + hw, we can combine the two J functions as follows
hq? hk 0’
S(k' — k + q)8(E(K') — E(k) £ hw,) = 5(2;* + ‘i‘;fs + hwq) (105)
where 6’ is the polar angle between k and q and
1 q hwyk
[ + 2 q 1
cos 2( A + E(kz)q) (106)

We can further simplify this calculation by making the observation that at room temper-
ature hw, < kgT'. Thus we can assume the phonon scattering to be elastic (i.e. hiw, = 0)
. : ~ kpT

and we can approximate n, from equation ((101)) as n, ~ rﬁqu

. Finally, we note that for long
wavelength phonons w,/q = v, where v; is the velocity of sound in the semiconductor, thus

we can rewrite equation ((104) as

Pacoustic<k7 k,) -

WE?IICBTL k 5( q
2k

h? Ek)g’ \ 2k + cos 6 > (107)

The scattering rate can then be evaluated by substituting equation ((107)) into [96| and inte-
grating over k’. However, it is much easier to integrate with respect to q in spherical polar

coordinates thus we obtain

=2kpTr k 1
F(k)acoustic = T=d®BIL / 5(1 =+ cos 9/> dq

sm2hpv? E(k) | q \2k
—2 Qmazx 1 27
W:dl{?BTL k? / / / q , ,
= ol = =+ 0" |dod 0')qd 108
se2hpv? BEk) J, o)y “\2k T ¢d(cos)qdq  (108)

integration over ¢ is straightforward as is that over cos#’, due to the delta function. Thus
all we need is the limits for the integration over g which are easily obtained since cos#’ is

limited to 41 thus using equation ({106)) we can obtain
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min = 0
9maz = 2k

and thus we can finally obtain the scattering rate as

Arrk?

=2kpT k dmazw =2kpT k
F<k)acou5tic = i 27T/ q — Td B L

8m2hpv? E(k) ~ 8m2hpv? E(k)

Amin

and therefore
27(53]{?BTL

F(k)acoustic - hpvz

N(E(k)) (109)
where N(E(k)) is the electron density of states given by

)32
N(E(R) = BT VER (10)

Optical Phonons For non-polar optical phonons an equation for Py, can be obtained

in a similar manner to equation ([104)) with two notable differences:

1. The acoustic deformation potential =, is replaced with an optical deformation potential
Dy.

2. The optical phonon energy is nearly constant as a function of g thus we can replace

nq and w, with constant values ny and wy respectively.

Thus the probability per unit time for interaction with a non-polar optical phonon is
given by:
D3¢
pwos2

Poptica(k, k') = (no+ 3 + 3)0(k" — k + q)6(E(k') — E(k) £ hwo) (111)
Like the acoustic case we can use equation (105 to once again combine the two d func-

tions. However we must note that unlike the acoustic phonons the phonon energy hwy for the

optical case is not less than k,T" at room temperature thus optical phonons undergo inelastic

scattering and the probability is given by

mDgq’

puwof

2 /
hq ihchosGi

o1



This can then be substituted into equation and integrated with respect to g (similar
to equation ([107))) to obtain the scattering rate as

Dj hq?  hkqcost’
1—‘(k)optical = W—(no + % + %) /5<2m* + oo + hwq dq

D2 dmax
=3 20 (no + 3 / / / % (2k + cost + h“ok )dgbd(cos@') %dq
T plg Gmin
(113)

the limits ¢, and @nq: can then be defined using the ¢ function as

E(k)

Gmaz = k<1 +(1+ %)))1/2>

Gin = k[1 = (1% £25)""?

Thus we obtain

2

L () opticat = Jn )12 = 708 (g 1 1 L)N(E(K) % ) (114)

pwO

27rk: ﬁw

87r2pw0

where N(E(k) £ hwp) is once again the density of states given by equation ([L10)).

Interactions with Polar Phonons When dealing with ionic semiconductors (e.g. GaAs,
InP etc.) phonons can cause polarisation waves, which are created by the oscillating electric
dipole as the vibrations move through the lattice. These types of phonons will strongly inter-
act with electrons causing polar scattering and can either be acoustic or optical. Interactions
with polarised acoustic phonons (often referred to as piezoelectric scattering) are important
at low temperatures in very pure semiconductors. The interaction Hamiltonian H’ can be

written as
H = /,o(r)gb(r)dr (115)
where p is the charge density, and ¢ is the electric potential associated with the polarisation

of the crystal.

The electrostatic field produced by the plane wave is given by [63], 61]

B, = — ok (116)
£

where p;;;, is the appropriate component of the piezoelectric tensor, e;;, is the strain tensor

and ¢ is the dielectric constant.
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When this is used in the golden rule calculation (Equation (96)) the transition rate from
state k to k’ can be shown to be [61], [63]
_ 8mle’pi KT

Pk,K') = Vi, (q;i 52> 2E(K) — B(k)] (117)

where V,, is the average sound velocity in the materiel, py is an appropriate piezoelectric

constant and S is the inverse screening length given by

Ar2en, 1/2
b= ( eK, T )

where n, is the free carrier concentration.

Equation can then be integrated over all k’ to give the scattering rate I'p;e., as

/o * 52002
P (k) presol Ele) = VPO e (log<1 + & Bl (118)

V32h2pV2 n2p? ) B 1+[h262/18m*E(k)]>
For polar optical phonons the interaction with electrons is very strong and is dominant at
room temperature in compound semiconductors [62]. The strength of the polar interaction
is proportional to the dipole moment created by the displacement of positive and negative
ions (ut and uw~ respectively). The relative displacement uw = u™ — u~ can be written as

[62] o
u(r,t) = Z (QN—]TLM> eqlaqg + ag)e'” (119)

where N is the number of pair ions and M is the reduced mass of the positive and negative
ions (with 1/M = 1/M, + 1/M_). The polarisation P due to the relative displacement is
then given by:

e*N
P =
Q

u

where e* is the effective charge given by [63]

QM V2 1 1)\ /2
(%) wolin2)

with €,,; being the optical frequency range and e, the dielectric constant of the semiconductor.

The polarisation due to the displacement combines with the polarisation due to the ions
themselves P,,, to create a dielectric displacement D given by

N
D = qF + Py + —5-u
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where ¢ is the dielectric constant of a vacuum and F' is the electric field.

since Py, is related to €, as eope ' = €oF + Py, thus we can re-write D as
e*N
D = ¢, F + Tu (120)
However D is expected to vary as D = De,e'?™ and since V - D = 0 for polarised charges

iq-D =0

which implies that D = 0 for non-zero q. Thus substituting D = 0 into equation ((120) we

obtain an expression for the electric field

NerU
F=— 121
Qeopt ( )
from here it is straightforward to find the electrostatic potential ¢(r) as
N e*
r)=— [ Fdr = —1— u(r
ol —- [ el
and thus finally the perturbation Hamiltonian H' as
€ th 1/2 igr

where 1/€, = 1/€pp — 1/¢s.

This then allows us to calculate the scattering probability per unit time using equation
as [62, [61]

T L )+ 1/2% /20K — k¥ @)3(Bk) — ER) F o) (123)

P(k7k:,) = Q q2

€p

and the scattering rate I'p,,: as[62]

62(’()0 k Amin
L(k)popt = %W[n(wo) + % T %] ln( max) (124)

where @i, and @nq, are given by

E(k)

Amax = k(]. + (1 + %)1/2>

Gmin = k[1 = (1% £25)""°
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Ionised Impurity Scattering electron scattering due to shallow donor impurities is often
considered an elastic process since the mass of the impurity atom is much larger than that
of the electron thus any change in energy that would occur during such an interaction is
considered negligible. In order to derive the perturbation Hamiltonian H' (and ultimately the
scattering probability P(k, k’) we will first consider the case of an electron that is scattered
by a positively charged donor impurity in an n-type semiconductor. If the impurity has a net
positive charge of Ze then the potential can be approximated as the bare coulomb potential

given by:
Ze

4megesr

V(r)=

This however does not account for the effect of screening due to the presence of other elec-
trons surrounding the donor. This was employed in the method developed by Brooks (and
independently by Herring)[61} 62] in which he showed the screened potential V'(r) can be
expressed by

Ze
4 —r/2p 125
(r) = ATeges re (125)
where \p is known as the Debye length and is given by
)\D _ 606S2KBT
V € N
The perturbation Hamiltonian can then be written as
VA 2
H =eV'(r) = 25 ¢/ (126)

4megesr

and thus the matrix element can be obtained by

1 Zeé? o€ T/AP
W) = G [ ey
TEYEST

/ / —Z’”( _T/AD>7~ sin(6,)d6, dr (127)
2)2

- Qees(1 4+ K2)%)
where d®r = 2mr?sin(0,)df,dr and K = k'’ — k Thus using equation the transition

probability due to a single ionised impurity can be found as

o [ Ze2 \?0(Ey — Ep) A
h (1+ K2)\2)?

Pk k) = (128)

Qepes
Finally this can then be multiplied by the number of impurities N;€2 in the crystal volume

thus we have

o2 N, 7264 6( B — Ex)N)
h Qedez (14 K2)2%)?

P(K' k) = (129)
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The scattering rate I';,ui5cq can then be found by once again by integration over all k’ to
give
21 N; Z2e*N (E(k))
he\% (4k? + \%)
where N(E(k)) is once again the density of states gievn by equation ((110)).

F(k)ionised - (130)

Alloy Scattering In alloys (GaAs, InP etc.) due to the random distribution of component
atoms among the available lattice sites a new mechanism for carrier scattering is introduced.
This alloy scattering occurs due to the change in potential as the carriers randomly encounter
different atomic cores as they move across the lattice. The amount of scattering, therefore,
depends on three factors. The alloy concentration z, the difference in potential between
the two alloyed atoms D 4y, (this potential can be fitted to experimental data, taken as a
difference in electron affinities or as an electronegative difference) and the amount of disorder
in the lattice (this is usually achieved with a constant d for which d = 0 is perfectly ordered
and d = 1 is considered random). All of this was taken into account in a model developed
by Harrison and Hauser [64] 65] in which they showed that the alloy scattering rate I" 4,

can be expressed as
RIS (m*)3/2
FAlloy = T~ = 4
8v2 I
where: () is the crystal unit cell, and g3p is the 3D density of states.

QdD%y,, (1 — 2)VE (131)

Surface Roughness Scattering Surface roughness scattering (sometimes referred to as
interface roughness scattering) is an elastic scattering process where electrons move in the
vicinity of the surface of a material (or an imperfect interface between two different materi-
als). Scattering occurs due to small local variations in the potential due to imperfections in
the surface (or interface). This type of scattering often considered for 2-dimensional electron
gasses where it can be induced due to the proximity of the heterostructure that creates the
quantum well. It is also considered at low temperatures where its effects are comparatively

stronger due to the reduced influence of phonons.

For a z-confined 2D heterostructure the “local” potential will fluctuate based on position
in th x — y plane. The commonly used expression for the resulting scattering rate [66], [67]
assumes that the roughness has a Gaussian Fourier transform A,(r) with height A and

correlation length A and is isotropic across the x-y plane such that such that
1) = A2e 1=
(AL(r)AL(r")) = A%exp e
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The perturbation H' due to a position shift A, can then be expressed as

dV (z)
dz

H =V[z—A,(r)] —V(z) =~ =A.(r)
The 2D scattering matrix element F§, can then be expressed as
F, = (K'|H'|k)

This then leads to the scattering rate I'sg from equation as

A2\ F,)? [ ,
Pop = 1° h3| | /0 dhe~ (KRN /4 (132)

4.5 Device Simulations

Now that we have covered the basic method for bulk semiconductors we must turn our
attention to how to adapt the Monte Carlo method for use with device simulations. In order

to achieve this four additional factors must be taken into account.

1. The motion of carriers is spatially restricted to a device region, unlike the bulk case

where the motion spreads in a vast region.

2. The carriers must be allowed to both enter and exit the simulation area through the

device terminals.

3. The potential calculation must be done self-consistently through the solution of the

Poisson equation with appropriate boundary conditions.

4. The boundary conditions applied to the carrier motion must also be consistent with

the boundary condition applied to the Poisson equation.

To address point 1, we can use a surface boundary condition, whereby a boundary is set
to be the edge of the simulation area such that when the particles are about to cross they
are instead reflected into the device region. Point 2 can be addressed by not simulating the
motion of all the particles but instead holding some particles outside the simulation using a
reservoir. The surface boundaries can then be adapted in the region of the contacts to either
allow carriers in the reservoir into the simulation area or allow carriers in the simulation area
to exit back into the reservoir (see figure . Finally to address points 3 and 4 we can use
a finite element approach to solve the Poisson equation (the various detailed methods for

which can be found in any good computational physics textbook see for example references
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Figure 15: (a) Diagram of an example grid for a basic transistor. Black dots indicate the
2D grid points (4, j) while the black dotted lines denote the cells surrounding each point
which are used to approximate the charge density. The red lines indicate the position of
the reflective boundaries while the blue lines represent the reservoirs for the source and
drain terminals. (b) Diagram of the step function used to ascertain the charge density at
each grid point for use in the Poisson solver. If the charge density associated with the su-
perparticle spreads over a cell boundary, then it is counted as being at both grid points on

the mesh.
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[68, 61, [62]). To achieve this we need to define a grid of mesh points across the device each
surrounded by a cell (see figure ) we can then obtain the charge density at each grid

point by regarding each particle as a “super” particle.

In reality, the carrier density of a semiconductor is on the order of 10°, but in practice,
we are computationally limited to at most a few hundred thousand particles. Thus to
approximate the charge density at each grid point, we must treat each particle as a cloud of
charge that that is spread spatially such that the charge density is a step function of position
(see figure [15b)). By counting the number of particles inside each cell, we can then obtain
the carrier density as:

N (133)
AA,

where N (i, 7) is the number of particles in the cell, around grid points i and j and N, is

n(i,j) = N(i,5)

the number of particles that each “super” particle represents.

Therfore, we can now solve the Poisson equation for the potential ¢ at each grid point
as:

v, 5) = -0 (134)

using dirichlet boundary conditions for the source-drain and gate contacts.

Thus we now have all the information we need to create a Monte Carlo method for
electron transport in a semiconductor device. Fist we must define our device including:
device geometry, doping profile, position of the terminals and structure of the semiconductor
layers (if simulating a heterostructure). We then need to initialise or particles by calculating
the initial particle distributions in real and k-space and specifying the initial potential profile
used fro the device. For the initial spacial distributions it is common to use a density profile
based on the drift diffusion model that is computed in advance to save time.[62] The initial
energy and k-space distributions are usually then handled using either a Fermi-Dirac or
Boltzmann distribution (depending on the Lattice temperature) and the magnitude of the
k-vector can then be found by re-arranging Equations or . The direction of the

k-vector can then be determined randomly using spherical polar coordinates given by:

k., = |k|sin(0) cos(¢)
k, = |k|sin(f) sin(¢)
k. = |k| cos(0)
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with

¢ =27,
cos(f) =1 — 2ry

sin(f) = /1 — cos?(0)

where r; and r9 are random numbers between 0 and 1.

The next step initially follows the ensemble Monte Carlo method whereby for each particle
we perform successive cycles of free flight and scattering. The main difference, however, is
that now after each free-flight we check to see if the particle has crossed a boundary and if
so then either reflect the particle into the simulation area or remove the particle into the
reservoir. After all the particles have moved to there new positions we then need to add
a new routine to handle particles in the region surrounding the source and drain. This
routine is essential for two reasons. The first reason is that if the particles can only leave
the simulation and are not replaced, we will eventually run out of particles in the simulation

area.

The second reason, however, is less apparent and stems from the fact that we are assuming
the source and drain contacts to be ohmic. Ohmic contacts are usually modelled as charge-
neutral areas that are always in thermal equilibrium even when current is flowing. Thus need
to maintain charge neutrality in the vicinity of the source and drain, since the voltage drop
in this area will be negligible, and hence no power is dissipated in this area. To achieve this,
we need a routine that will keep the number of particles constant in the cells that correspond

to the source and drain contacts.

Thus once all the particles have finished moving the number of particles in the contact
regions needs updating by either removing or replacing particles (using a similar procedure
to the initialisation) depending on the initial doping density in that region (that we defined
in the initial set-up). The final step is then to calculate the charge density and solve the
Poisson equation for the potential at each grid point. We then repeat the whole process

starting at the free-flight and scattering until we reach the desired end time ¢t = t,,,, (see

figure .
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Figure 16: Flow chart to show the procedure for the device Monte Carlo simulation

method.
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4.6 Overview

In this chapter we have presented the fundamentals of the Monte Carlo method and the
scattering processes that are important for the realistic semiconductor transport. The final
few chapters we will now cover our application of all the techniques discussed thus far to the

simulation of an InGaAs spin-FET.
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5 Electron Spin in III-V Monte Carlo

5.1 Why III-V?

The use of III-V compound semiconductors for spintronic applications goes back to the ear-
liest days of the field. Not only was the original Datta-Das Transistor based on a GaAs
quantum well (see section but also much of the early theoretical work on both spin
transport and relaxation is based on these materials and the physics is by now well under-
stood. The main reason for the this is that unlike more common Si, IT1I-V materials (such as
GaAs) have a direct band gap. This property makes them optically active and thus allows
for highly efficient optical spin injection and detection through the use of circularly polarised
light, as opposed to more problematic and inefficient electrical methods. This along with the
observations of very long spin coherence times in bulk GaAs (on the order of 10’s of ns [69])
has made GaAs based devices a top contender for use in spintronics (although Si has gained
more ground in recent years due to advances in spin injection and lower device fabrication

costs).

5.2 Simulation Method

The main method used in this work for studying the spin transport in InGasAs is an adap-
tation of the method laid out in [I6]. This involved augmenting an existing ensemble I1I-V
Monte Carlo simulation of a InGaAs MOSFET by including the electron spin as an additional
degree of freedom. The simulator is an advanced 2D finite element III-V heterostructure
Monte Carlo simulation tool, which was developed in-house and is self-consistently coupled
with solutions to the Poisson equation that accounts for both long-range electron-electron

interactions and quantum corrections using the effective quantum potential |7, [70].

The simulator uses an analytical band-structure with non-parabolic energy dispersion
that accounts for the I'; L and X conduction band valleys [71]. Furthermore, electron scatter-
ing was considered for: polar optical phonons, inter-valley and intra-valley optical phonons,
non-polar optical phonons, acoustic phonons, interface roughness, interface phonons at the
dielectric/semiconductor interface, and ionised impurity scattering using a static screening
model. Finally, the alloy scattering, as well as strain effects on bandgap, electron effective
mass, optical phonon deformation potential and energy were included in the device channel
[70].
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This device simulation tool was verified with experimental data for various devices, in-
cluding measured [-V characteristics of a 120 nm gate length IngsGaggAs pseudomorphic
[71], lattice matched metamorphic HEMT [72], and a 50 nm gate length Ing;Gag3As/InP
HEMT [73].

The electron spin was accounted for using a spin density matrix p(t) in addition to the
3D Ek-space and 2D real space freedoms already present in the simulator. Since electrons are

spin % particles the density matrix is given by

o) = <PTT(t) ﬂw(@) (135)

pir(t) py(t)

where pyy pj; represent the probability finding an electron in the spin up or spin down state
and py; pyr represent the coherence. With pi+(t) = py (t)* and pr(t) + py (t) = 1. The time

evolution of a density matrix has already been discussed in section and is governed by

dp(t)

o2 = —3[H, p(t)] where H is the system Hamiltonian. Since

the Von Neumann equation
the D’yakov-perrel mechanism is the main cause of spin relaxation in an InGaAs quantum

well[I7, 19, [16] the Hamiltonian contains two terms relating to the spin-orbit interaction.

1. The simplified Dresselhaus Hamiltonian Hp = 7<k§>(kzaz — k,0,) which accounts for
spin-orbit coupling as a result of bulk inversion asymmetry of the crystal in the limit

k2, k2 << (k7).

x) "z

2. The Rashba Hamiltonian Hr = ay,(k,0, —k,0,) which accounts for spin-orbit coupling

due to structural inversion asymmetry of the quantum well.

where z is taken to be the transport direction along the device channel, y is the growth
direction of the quantum well, and the material dependent parameters a,. and v are the

so-called Rashba and Dresselhaus parameters respectfully.

The value of these parameters was estimated using k-p bandstructure calculations, details
of which can be found in section Using Kane parameters for GaAs and InAs obtained
from a 40 band tight binding model by Jancu et al. [9] (which are in good agreement
with reported experimental values, see for example [58]) we then estimated the Rashba and
Dresselhaus parameters for Ing3Gag7As using linear interpolation and equations and
from section |3 the values for which are given in table . We must note at this stage,
however, that oy, is dependant on the strength of the electric field in the y-direction F, thus
we have used the k - p calculations to obtain the field independent part of ay,, ag such that

ap = opFy(r) where 7 is the position of the electron in the device.
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parameter  InAs GaAs Ings3GagrAs

E, (ev) 0418 1519 1.107
Ey (ev)  4.480  4.540 4.522
Ao (ev) 0380  0.341 0.353
A; (ev) 0310 0.200 0.233
A= (ev)  -0.050 -0.170  -0.134
P (evA)  9.010  9.880 9.619
Py (ev 0.660  0.410 0.485

)
Q (evA) 7720  8.680 8.392
) 122525  4.819 7.600
v (evA?) 48578  24.368 22.959

Table 2: Band energies and Kane parameters obtained from reference [9] used in the cal-
culation of o and . Note: «y is the field independent part of oy, given by ay,, = agF), ()
where F), is the electric field in the growth direction of the well (in our case along the y

axis).

According to [16] during each Monte Carlo ”free flight” 7 the spin density matrix evolves

as
Pt + 7) = e H DG o (1) HrtH) (136)

and using basic matrix algebra it can be shown that

i) E ( cos(ja]r) imsmu(m)) 157)

z% sin(|ajT)  cos(|a|T)
and the hermitian conjugate for the operator e Hr+HD) g Where

o = h_l[(ozbrkrz - ’7<k§>kx) + Z.(Ofbrka: - 7<k§>kz)]

As seen in section the density matrix can be parametrised as a spin-polarisation
(Bloch) vector S = (sg,58y,s,)" where S; = Tr(ojp(t)), j = z,y,2 and o, are the Pauli
matrices. Thus using equation (137, we can show that the time evolution of the density
matrix during each "free flight” causes a rotation of the spin Bloch vector, the angle and

direction of which depend on the k-vector, i.e. momentum, of the electron.

For our simulations, we began with a 25nm gate length Ing3GagrAs MOSFET with a
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Figure 17: Cross section of the 25 nm gate length, n-channel Ing3Gag7As MOSFET. The
dielectric layer between the channel and the gate contact is grown on top of a Gallium Ox-
ide/Gadolinium Gallium Oxide stack (GagO3/GdGaO) which is used to form a high-+ di-
electric designed to reduce the leakage current [7]. The blue boxes indicate the position of

the source and drain reservoirs used in the simulation.

spacer of 26 nm at room temperature (T = 300 K), a schematic diagram of which is shown

in Figure 17.

The device consisted of a 7nm thick Ing3GagrAs channel grown on a 1.04pm GaAs
substrate with a thin 4.6 nm layer of Gallium Oxide/Gadolinium Gallium Oxide grown on
top to act as a high-x dielectric to separate the channel from the a gate contact (this is a
common design used to reduce the leakage current in devices with short channels/gates and
thus high electric fields in the region of the gate [7]). The structure has a background p-type
doping of 1 x 10*® em™ and n-type doping in the source and drain (see regions marked n*"
in Figure 17) which were Gaussian-like with a maximum of doping 2 x 10 cm™3. Initially
the spin states for all electrons in the device were chosen using two pseudo random numbers
(Ry and Ry) between 0 and 1. These were used to generate polar angles 6 and ¢ with:
0 = R, and ¢ = 2m Ry, which in turn were used to calculate the Cartesian components for

the magnetisation vector for each electron as:

Sy = sin(f) cos(¢) S, =sin(f)sin(¢p) S, = cos(h)

This ensured that each vector had a length of one and the states were spread evenly
across the Bloch sphere such that there was no net magnetisation across the device. The
spin injection was then handled by assuming the source was ferromagnetic such that all of
the electrons that were injected into the channel had spin states aligned to either the z,y or
z axis, depending upon the injection state being studied (i.e. The spin injection was assumed
to be 100% efficient).

A simulated Ip — Vp characteristic is given in Figure 18a this shows typical MOSFET
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Figure 18: Initial results for 25 nm gate length Ing3Gag7As MOSFET.

behaviour whereby as the source-drain voltage increases we initially see a linear increase
in current flow which eventually reaches saturation at which point further increasing Vp
has no effect on the current flow through the channel. Figure shows the confinement
potential created by the GaAs/InGaAs heterostructure this forms a quantum well in the
I' conduction band which in turn leads to the formation of a 2-dimensional electron gas
(2DEG) near the interface. This can also be seen in Figure which contains a plot of the
average electron density. As predicted the electrons are concentrated in a thin slice of the
structure corresponding to the position of the quantum well between y = —5 and —12nm

(see Figure [18b)) with the majority of the electrons being located at the bottom of the well
at y = —11.5nm.

A surface plot of the electric field across the device is shown in Figure [[9a] The electric
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field was calculated using a 2D a Poisson solver, approximating the charge density at each
grid point using the "super-particle” method outlined in section [4.5 The plot shows that
the field is highly non-linear and as expected is exceptionally high in the region of the
source, drain and gate contacts, with fringe fields at the edges of the contacts on the order
of 10°Vm™1.

However, the vast majority of the electrons are found in the 2D channel at the bottom
of the quantum well formed by the Ing7;Gag3/GaAs interface (located at y = —11.5nm).
Because the fringe fields are an order of magnitude higher than that in the channel (=~
10"V m™) to view the electric field in the channel better, we have taken a thin slice across

the device in the x-direction corresponding the centre the channel.

The electric field plotted against the position (x) in the slice is shown in Figure As
expected much like the full surface plot the electric field rises and falls with the z-position of
the contacts. From this, we can see that the field at the right-hand side of the source contact
(x = —52nm) initially slightly decreases but then begins to rise linearly as we move across
the channel towards the left-hand side of the gate at —26 nm. As we move underneath the
gate, the field fluctuates around 4.5 x 107 Vm~! and before rising to a maximum value of
4.92 x 10°Vm™! at the right-hand side of the gate. The field then rapidly decreases as we
move past the gate contact to a minimum of 6.13 x 105V m~! before finally rising to a final

value of 3.40 x 10" Vm~! as we approach the left-hand side of the drain at 26 nm.

Finally, Figure m shows the average velocity of the electrons in the z-direction (i.e. the
direction of transport) with the position in the channel. As we move across the channel, the
electrons begin to accelerate as they move from the source and pass underneath the gate.
With the two main regions of acceleration corresponding to the two peaks in the x-component
of the electric field (see Figure . They reach maximum velocity at the right-hand side of
the gate after which they sharply decelerate as they enter the right-hand side of the channel

and head towards the drain.
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Figure 19: (a) Surface plot of the total electric field across the device structure. (b) Total
electric field against position in the the centre of the device channel at y = —11.5nm. (c)
x and y components of the electric field across the device channel. (d) average velocity in

the x-direction of the electrons with the position in the channel.

5.3 Results

For our initial investigation we fixed the gate voltage (V) at 0.7V and the drain voltage (Vp)
at 0.5V and ran the spin-transport simulator with 100 000 super-particles, for a total time of
10 ps in time steps of 1fs. The electron spins in the device were initially randomly polarised
such that there was no net magnetisation. For each time step, the average Bloch vector was
calculated for the electrons contained in 100 evenly spaced slices across the channel. This

entire process was then repeated for three different injected polarisations parallel to the =,y
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and z axes.

Figureshow surface plots of the z, y and z components of the magnetization (S,, S, and
S.) for S, injection in both position and time. From these we can see that the magnetization
vector quickly reaches a steady state in around 2000 fs. Time slices taken at t =8 ps for each
of the injection polarizations are given in Figure 21} For S, injection as expected we see a
high S, polarization at the source (x =—52nm) which decreases non-uniformly as we move
across the channel towards the drain. The amount of decay fluctuates as we cross the gate

(x =—26nm to Onm) and then recovers slightly as we reach the drain (z =26nm) leading
to a net magnetization of S = (0.43,0.12,0.01).

0.15

b

Magnetization (Sx)
Magnetization (S )
e
[

0.05

oo

2000 20
4000

6000

t(fs) 8000 0

X (nm)

(b) y component

Magnetization (SZ)

2000 .
4000

// 20
6000

\\>\\\\\”/’/‘f///,///<//«/ 0
-20
t(fs) 8000 0

x (nm)
(¢) z component

Figure 20: Surface plots in position and time of the x,y and z components of the magneti-

zation for S, injection.
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Figure 21: Time slice at 8 ps showing z,y and z components of the magnetization for
Sz, Sy and S, injection against position (x) in the device channel. The Error bars show

the standard deviation in the mean over 10 simulation runs.

The case is much the same for both S, and S, injections with both showing similar non-
uniform magnetisation decay followed by a recovery at the drain (with S, injection leading to
a more significant recovery when compared to S, or S,). We can also see from the behaviour
of the vector components that as we move across the device, the Bloch vector undergoes a
coherent rotation. This rotation can also be seen in Figure where a marked rise in .S,

accompanies the initial in decay in S,.

Since there are no external magnetic fields, this rotation (and recovery) must be caused by
spin-orbit coupling as the electrons travel through the channel. The strength of the spin-orbit
coupling is in turn dependant upon the strength of the electric field due to the applied gate
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and source-drain bias. The effect of these voltages on the strength of the Rashba coupling is
straightforward to explain since the value of the Rashba parameter ay, is directly dependant
on the strength of the electric field in the y-direction (see Equation in section . A
plot of the calculated value of ay, with the position in the 2D-channel can be seen in Figure
. As expected ay, is highest in the region underneath the gate (Reaching a peak value
of 39 meV A) due to the high field in the y-direction underneath the gate. Thus we should
see more of a rotation in this region of the channel due to the stronger Rashba coupling.
However, we should also see an increase in the strength of both coupling mechanisms in
this region due to the increased scattering in the presence of the higher electric field. This
will indirectly control the strength of the spin-orbit coupling due to the more substantial
increase in the random changes in the value of the k-vector (which is the ultimate cause of
D’yakanov-Perrel dephasing, see section .

oy, (MeVA)

-50 -40 -30 -20 -10 0 10 20
x (nm)

Figure 22: Plot of Rashba parameter ay, against position in the 2D channel.

To help visualise the rotation of the Bloch vector due to the spin-orbit coupling we will
map the Bloch vector onto a new set of axes X', Y’ and Z’ and use spherical polar coordinates
to describe the relative rotation of each injected state (see Figure . The injection direction
is mapped to X’ while the two orthogonal directions are mapped to Y’ and Z’ which in turn

define the azimuth () and elevation (¢) angles.

Figures to show how the average rotation angle for the S;, S, and S, injection
states vary with position. For the S, injection case (Figure [24al) we can see an increase in
the azimuth angle 6, indicating a rotation of the Bloch vector in the X’-Y” plane from 3.6°
to maximum of 8.7° as we move across the channel (this corresponds to an increase in the

S, component and a decrease in S, of the Bloch vector see Figure .
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Figure 23: Diagram showing the azimuthal (f) and elevation (¢) angles used for the rota-
tional analysis (bottom black axes). The injection direction for each case is mapped to the
X' axis, the result of this mapping for each case are shown in the three sets of axes at the
top of the figure. With (moving from left to right) red for the x, blue for the y and green

the z-injection cases.

The direction of this rotation is then reversed from around (xz = 10nm) as the electrons
approach the drain (corresponding to the recovery in magnetisation seen in Figure 21a)

leading to a net rotation of 15° at the drain edge.

For the elevation angle ¢ (corresponding to a rotation out of the X’-Y” plane) the value
initially decreases and then fluctuates around —4°. It then quickly rises as the electrons
approach the left-hand side of the gate (z = 26 nm) reaching a maximum value around the
centre of the gate (x = —10nm) of 7.1°. The angle finally rapidly decreases as the electrons
pass the right-hand side of the gate before eventually rising as the electrons approach the

drain, leading to a net rotation of 2° at the drain edge.

For the S, injection (Figure 24b) we see 6 slowly increase from an value of 2.7° at the
source (z = —b52nm) to 9.8° at the left hand side of the gate (x = —26 nm), again this is
a rotation in the X’-Y” plane only in this injection case this corresponds to an increase in
the S, and a decrease in the S, components of the Bloch vector. The angle then fluctuates
around 10° before rapidly rising to a peak of 37.9° upon reaching the right-hand side of the
gate (x = Onm). The rotation then reverses direction, and the angle slowly decreases to

reach a final net rotation of 12.9° at the drain edge.

For ¢, however, the behaviour is very different. In this case, we see a steady rise from
3.6° at the source to 36.8° at the left-hand side of the gate (i.e. rotation out of the X'-Y”’

plane corresponding to an increase in S, and decrease in S, and S;). This rise reaches a
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peak of 60° around the right-hand side of the gate before rapidly decreasing to a low of —19°

and before finally recovering slightly to a net rotation of —7.5° at the drain.

For the final case S, (Figure we see ¢ steadily decrease from —8° at the source to a
low of —89.1° at the right-hand side of the gate. This again a rotation in the X’-Y” plane,
in this case corresponding to a decrease in both the S, and S, components of the Bloch
vector. However, once the electrons cross the right-hand side of the gate at the rotation
rapidly reveres direction, and 6 rises to a maximum of 35.5° before finally decreasing to a
net rotation of 12.1° at the drain. ¢ on the other hand slowly increases from 0.1° at the
source to around 4° before decreasing to a low of —27.1° as the electrons pass the right-hand

edge of the gate. The value then quickly recovers to a final net rotation —2.9° of at the drain

edge.

Angle (%)
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Figure 24: rotation angles 6 and ¢ vs position in the channel for S;, S, and S, injection.

To help explain the origin of this rotation further, we can calculate the components of the
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Rasha and Dresselhaus spin-orbit coupling Hamiltonians for each electron n in the channel

as:

HY = (Tv(Hgo,), Te(Hgo,), Tr(Hgo.))
= 2ay,(k,, 0, —k,),
HY = (Tr(Hpo,), Tr(Hpo,), Tr(Hpo))
= 29 (k) (s, 0, k) (138)

Figure [25) shows the Dresselhaus vectors Hgl) (as blue arrows) for all of the electrons at
four different x-positions along the channel for one Monte Carlo run. The average value
is also plotted as a red arrow. For z = —55nm the field vectors are randomly oriented.
Thus we see a vanishing mean field and the electrons in the slice experience rotations due
to spin-orbit coupling about a randomly oriented axis. For x = —20nm (corresponding to a
region underneath the gate) there is less spread in the individual field vectors. This leads to
on average a non-vanishing field vector, and thus the rotations are not completely random,
and we instead see a net coherent rotation of the spin ensemble. This effect is further
illustrated by Figure [26] which shows how the average spin-orbit coupling Hamiltonians vary
across the different regions of the device channel. From this, we can see the strength of both
Hamiltonians is lowest in the vicinity of the source and drain contacts. However, the strength
of the Hamiltonians are significantly higher in the region underneath the gate and at the
edges of the three electrodes (corresponding to the high fringe fields in these regions). This
correlation strongly indicates that the amount of coherent rotation experienced is dependant

upon the strength of the electric field.
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Figure 25: (a)Dresselhaus Hamiltonian vectors (in units of meV) of four electron ensem-
bles corresponding to thin slices along the channel for a single Monte Carlo run (Vg =
0.9V, Vp = 0.5V) orange (far left) x=—52nm, rich-blue (centre-left) x=—20nm, cyan
(centre right) x=0nm, forest green (far right) x=26 nm. grey arrow show the scale whilst

red arrows show the average.
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Figure 26: Rashba and Dresselhaus mean field vectors Hr and Hp, obtained by av-
eraging over all particles in thin slices across the channel for a single Monte Carlo run
(Vo = 0.9V, Vp = 0.5V). The z-axis is in the plane perpendicular to the channel, but
for the vector plots the axes have been rotated so that H., is in the vertical direction for

visual clarity.
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5.4 Effects of Voltage variation

The next step in our investigation was to examine the effect on the spin of varying the
applied gate (Vi) and source-drain (Vsp) Voltages. In theory, a higher gate voltage will
lead to a higher electric field in the channel which will, in turn, increase the spin-orbit
coupling strength in the channel leading to a larger rotation of the Bloch vector at the drain.
Meanwhile, a higher source-drain voltage will affect the direction and length of the Bloch
vector at the drain, since it will increase the z-velocity of the electrons as they move through
the channel. This will indirectly affect the Bloch vector in two ways firstly the higher z-
velocity will decrease the amount of time that the electrons are subjected to the field from
the gate contact (thus reducing the amount of rotation experienced). It will also, however,
have the effect of increasing the amount of scattering due to increased current flow. Thus the
overall length of the Bloch vector will reduce due to the loss of coherence from the increased

random scattering events.

Put together this means that the gate and source-drain voltages could be used as an easy
method for controlling the amount and direction of the Magnetisation observed at the drain

without the use of an external magnetic field.

Gate Voltage Dependence: Figure 27 shows a plot of the total magnetisation (averaged
over ten runs) against the position in the channel for each of the three injection cases at gate
voltages between 0.5 and 0.9 V. These were taken after a steady state had been reached at
t = 8 ps with a fixed source-drain voltage of 0.9 V. For all three cases, we see that the initial
rate of decay is is faster for lower gate voltages (with the S, case showing the most pronounced
difference). This decreased decay rate is likely due to the increased electric field produced
by the higher gate voltages resulting in the electrons experiencing a higher acceleration. The
electrons thus are spending less time travelling through the device channel and as such are
experiencing fewer scattering events resulting in less spin dephasing as they travel through
the channel. The recovery on the approach to the drain, however, is less straightforward
to explain. For all three injection cases, we see that the amount of magnetisation recovery

appears to have a small dependence on the applied gate voltage.
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Figure 27: Total magnetization versus position along the channel after steady-state has

been reached at different gate voltages (V) and a fixed source-drain voltage (Vp) of 0.9 V.

Figure shows the total magnetisation vs position in the channel for two voltages
Ve = 0.5 and Vi = 0.9 with error bars to indicate the standard deviation in the average over
the ten simulation runs (in this case only two voltages were chosen to aid visual clarity).
The standard deviation is generally quite low, indicating a low dispersion in the data from
the mean value. However, the deviation is significantly higher in the centre of the channel.

This increase is due to the electron density being much lower in the centre of the channel
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when compared to the left and right-hand sides (see Figure [18c]).
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Figure 28: Total magnetization versus position along the channel for Vg = 0.5 and 0.9V
after steady-state has been reached for a fixed source-drain voltage (Vp) of 0.9V. The er-

ror bars show the standard deviation in the mean over 10 simulation runs.

The total magnetization at the drain edge (x = —26 nm), alongside the rotation angles
and ¢ for each applied gate voltage are shown in Figure 29| For the S, injection case we see
that the magnetisation recovers to between 31 —34% of its initial value and that the recovery
increases linearly with applied voltage. However, for the S, and S, case the magnetisation

decreases linearly with Vg, reaching values of 34 — 38% and 17 — 21% respectively.

The rotation angles show much the same story whereby for the S, injection case we see
a linear increase in the azimuth angle (¢) indicating a voltage-dependence on the rotation of
the Bloch vector in the X’-Y” plane (in this case we see an increase the S, and corresponding

decrease in the S, components of the Bloch vector). We also see a minimal increase in the
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elevation angle (¢) indicating a smaller voltage dependence on the out of plane Rotation
(i.e. an increase in the S, component). For S, injection we see a similar increase in 6 (again
voltage dependant X'-Y” rotation but this time corresponding a to decrease in S, and an
increase in S, ). We also see a similarly small increase in ¢ (although the actual values at the
drain are much lower indicating that the large out of plane rotation slightly decreases with
applied gate voltage). Finally for the S, injection we see a linear decrease in 6 corresponding
to a voltage-dependent rotation in the X'-Y” plane (increase in S, with a decrease in S,)
alongside a similar linear decrease in ¢ indicating a voltage-dependent rotation out of the X'-
Y’ plane (in this case corresponding to a decrease in S,). Fitting parameters and adjusted

R? values for all the interpolation lines are given in Table [4] Appendix .
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Figure 29: Total magnetization (|S]), azimuth angle (6) and elevation angle (¢) at the
drain edge (x = 26 nm) as a function of applied gate voltage (Vi) for a fixed source-drain
voltage (Vp) of 0.9 V.
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The voltage dependence on the recovery can be attributed to the difference in the strength
of the spin-orbit coupling experienced by the electrons in the channel due to the difference

in the strength the electric field generated by the gate contact.

Figures [30| shows plots of the total electric field, its  — y components and the estimated
value of the Rashba parameter ay, respectively, with the applied gate voltage and position
in a thin slice across the centre of the channel (located at y = —11.5nm). From these,
we can see that the Electric field the left-hand side of the gate (z = —26nm) increases
with increasing applied gate voltage as expected due to the increased contribution from the

y-component (Figure |30d]).
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Figure 30: Electric field (a) and corresponding Rashba coefficient ay, across the device
the channel for various applied gate voltage (Vi) for a fixed source-drain voltage (Vp) of
0.9V.
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The peak at the right-hand side of the gate, however, is more complicated. Due to the
relatively high source-drain voltage of 0.9V there is a high fringing field at the right-hand
side of the gate this causes a massive peak in the x-component of the field for Vo = 0.5V of

6.6 x 107" Vm~! which decreases with increasing gate bias.

Figure shows the average electric field in the y-direction in the region underneath
the gate this appears to increase linearly with the gate bias. Therefore electrons that pass
underneath the gate will on average experience a higher field (and thus stronger spin-orbit

coupling) for a more extended period at higher applied gate voltages.
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Figure 31: Average electric field in the y-direction and corresponding Rashba coefficient
() in the region of the channel underneath the gate as a function of applied gate voltage
(Vo) for a fixed source-drain voltage (Vp) of 0.9 V.

Source-Drain Voltage Dependence: Figure shows the magnetisation against the
position in the channel for the three different injection cases. The source-drain voltage (Vp)

was varied between 0.5 and 0.9V whilst the gate voltage was kept fixed at 0.9 V.
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Figure 32: Total magnetization versus position along the channel after steady-state has

been reached for various source-drain voltages (Vp) with a fixed gate voltage (V) of 0.9V.
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Figure 33: Total magnetization versus position along the channel for Vp = 0.5 and 0.9V
for a fixed Gate voltage (V) of 0.9 V. The error bars show the standard deviation in the

mean over 10 simulation runs.

For all three injection cases, we observe that the magnetization only significantly varies
with applied Vp in the region between the gate and the drain (between z = 0 and 26 nm).
This makes physical sense as the electric field experienced by the electrons will be far more

significantly influenced by the source-drain voltage in the region near the drain.

For the S, and S, cases (Figures and we observe a source-drain voltage depen-
dence on both the rate of decay in the magnetisation in the drain region and the recovery
at the drain edge. With higher applied Vp leading to faster decay and a lower drain-edge
recovery. However, the S, case appears to show no source-drain voltage dependence for the

rate of decay or the final value at the drain.
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Figure shows the total magnetisation vs position in the channel for two voltages
Vp =0.5V and Vp = 0.9V with error bars to indicate the standard deviation in the average
over the ten simulation runs (in this case only two voltages were chosen to aid visual clarity).
The standard deviation is generally quite low, indicating a small dispersion in the data from
the mean value. However, we can also see that the standard deviation is significantly higher
in the centre of the channel. This increase is due to the electron density being much lower in
the centre of the device channel when compared to the left and right-hand sides (see Figure
18c]).

The total magnetisation at the drain edge (z = 26 nm), alongside the rotation angles 6
and ¢ for each applied source-drain voltage, are shown in Figure [34a] For both the S, and
S, cases we see that the magnetisation recovery decreases linearly with Vp, reaching between
41 and 34% of the initially injected value. Conversely, the S, case shows no Vp dependence

on the recovery with the final values fluctuating around 17% regardless of applied Vp.

The rotation angles (Figure and also appear to show a similar dependence on
Vp. The S, and S, cases show 6 linearly decreasing from 23° to 22° and 21.5° to 19.7°
respectively. ¢ also decreases linearly with applied voltage from 3.8° to 0.5° for S, and
—10.1° to —13.2° for S,. The S, case, however, indicates a small linear increase from —6.1°
to —5.2° with applied voltage for ¢ and shows a highly non-linear voltage dependence for
(with a very close fit obtained from a cubic polynomial). Fitting parameters and adjusted

R? values for all the interpolation lines are given in Table [5| Appendix .
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Figure 34: Total magnetization (|S|), azimuth angle (6) and elevation angle (¢) at the
drain edge (x = 26nm) as a function of applied gate voltage (Vi) for a fixed source-drain
voltage (Vp) of 0.9V.

in the strength of the spin-orbit coupling experienced by the electrons in the channel only

this time due to the difference in the strength the electric field generated by the drain bias.

value of the Rashba parameter ay, respectively, with applied source-drain voltage and posi-
tion in a thin slice across the centre of the channel. From these, we can see that the total
Electric field rises slightly at the left-hand side of the gate with increasing Vp but then
sharply decreases at the right-hand side. The decrease on the left-hand side is due to the



slight change in the height of the central peak in the y-component of the field (Figure .
Whilst the increase on the right-hand side is due to the increasing source-drain bias causing
an increase in the right-hand peak of the z-component of the field (Figure . The lower
peak in the y-component also leads to a small decrease in both the average electric field and

the corresponding Rashba coupling strength in the region underneath the gate as shown in

Figures and
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Figure 35: Total electric field, x — y components and corresponding Rashba coefficient
ap, across the device the channel for various applied source-drain voltages (Vp) for a fixed
gate voltage (V) of 0.9V.
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Figure 36: Average electric field in the y-direction and corresponding Rashba coefficient
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voltage (Vp) for a fixed gate voltage (Vi) of 0.9 V.

6 Effects of Strain and Lattice Temperature

6.1 Strain Effects

We next investigated the effects of mechanical strain applied to the device channel. Strain
alters both the symmetry of the bulk crystal and the interband energies Ey, F1, A¢ and A
thus applied strain will alter the amount of both the Dresselhaus and Rashba coupling.
Therefore, by carefully controlling both the amount and direction of the applied strain we
have a potential means to control both the amount of spin-orbit coupling in the channel and

the magnetisation observed at the drain.

Although we could in principle consider the effects of both tensile and compressive strain
in our model, we will only consider the compressive strain. This is because tensile strain
applied to the channel will reduce the electron mobility by increasing the effective mass in
the X-valley and increasing the rate of electron scattering with phonons, interface roughness
and ionised impurities |70} [74]. This will result in slower transport across the channel, and

as such we would expect to see an increase in the spin relaxation suppressing the observed

spin recovery.

To account for the effects of mechanical strain on the spin-orbit coupling, we will need
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to modify our k - p approach outlined in chapter |2 to include the impact of compressive
strain on the bandstructure (and ultimately the obtained values of ag and ). To this end
we follow the method laid out by Pikus and Bir [57] consisting of adding an extra term to
each element of the unstrained Hamiltonian H, created by replacing k,k, (and it’s circular
permutations) with the component of the strain tensor e,, and the Luttinger parameters

with deformation potentials.

To obtain the strain tensor for compressive strain in the [001],[110] and [111] directions
we first took a small change in the lattice spacing a, of between 0% and 4% of the un-
strained lattice constant ag. The strain parallel (e) and perpendicular (e;) to the applied

force can then be calculated as:

— Qs __
€ = ao

e1 = —Dpgey,

where h,k and 1 are miller indices for the direction of the strain. The co-efficient Dy, for

the three considered directions is given by

2C"
Doy = 012 (139a)
11
C11 +3C12 — 2Cyy
D _ 139b
e Ci+Cia +2Cu ( )
2C 4C19 — 4C
Dy = e = 2 (139¢)
Ci + 2012 +4Cy
where (1, (o and Cyy are material dependant elastic constants.
This then allows us to calculate the 3 X 3 strain tensor ep) as
€1 0 0
€oor] = | 0 e O [, (140a)
0 €1
€y €3 €3
€1 = [ €3 €2 €3 |, (140Db)
€3 €3 €9
€4 €5
€] = [ e es 0|, (140c¢)
0 0 €1
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where

e1 = ey, (141a)
e = 3(eL + 2¢)), (141Db)
e3 = zleL —ep), (141c)
es = 3(eL +¢), (141d)
es = 2(el —e). (141e)

Thus we can now finally calculate the total system Hamiltonian H = Hy+ H,, where H

is the unstrained Hamiltonian for the 14 band extended Kane system described in section
and the corresponding strain Hamiltonian H, is given by [57, [75]

where H,..
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It should be noted however, that the influence of strain on the two highest p-type con-
duction bands (labelled I';. and I's. in our notation) is currently unknown. Thus the p-type
conduction band hydrostatic deformation potential (ar,, and ar,, ) and p-type CB shear

deformation potential (br., and br,, ) have been neglected.

Figure [37| shows four plots near the I' point for the: T'g.(conduction), I's, (Light/Heavy
hole) and T'7, (split off) bands at the bottom of the considered Ing3Gag;As quantum well
with compressive strain in the [001],[110] and [111] directions, equivalent to a 4% lattice
mismatch. From this, we can see that all the bands shift with applied strain, with the
amount begin dependant on the direction. Both the I'7, (Split-off) and the I'g. (conduction)
bands decrease in energy while the I's, doublet breaks its degeneracy at the I' point, with

the light hole band decreasing and the heavy hole band increasing in energy.

Using these calculations we extracted the new inter-band energies for the strained system
E{, E7, Ay and A}. Which we then substituted into equations and to calculate the
spin-orbit parameters oy and v as a function of applied strain. These were then finally
used in the main Monte Carlo simulations to investigate the spin dynamics as a function of

applied strain.
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Figure 37: Calculated band energies near the I' point at the bottom of the considered
Ing 3Gag 7As quantum well with compressive strain in the [001],[110] and [111] directions

equivalent to a 4% lattice mismatch.

The obtained values of v and the average value of oy, as a function of applied strain in
the [001],[110] and [111] directions are shown in Figures 38 for Vi = 0.9V and Vp = 0.9V.
As we can see the spin-orbit coupling coefficients both increase non-linearly with applied

strain due to the change in the energy gap at the gamma point, Ej, between the I'g. and I'7,
bands.
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Figure 38: Spin-orbit coupling coefficients oy, and ~ as a function of strain ranging from
0% to 4% for three different strain directions. ag, has been calculated using an electric

field of 4.5 x 107V m~! corresponding to the average field in region of the channel under
the gate for Vo = 0.7V, Vp =0.5VV.

Figure 39 shows how the total magnetisation vs position in the channel changes with
applied strain. For strain in both the [001] and [110] directions we see a significant decrease in
the magnetisation decay with increasing strain leading to a significantly higher magnetisation
at the drain edge of 63.5% for [001] and 51% for [110] at 4% strain. Strain in the [111]
direction, however, shows no significant change in the magnetisation decay or recovery at
the drain. This is also shown in Figure 41 which shows the magnetisation, azimuthal ()
and elevation (¢) angles at the drain edge. Figure 41a once again demonstrates the non-

linear increase in the magnetisation for the [001] and [110] while the [111] direction shows
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no significant dependence. Figure shows a non-linear increase in the azimuthal angle 6
with the applied strain in all three directions. Finally, Figure shows the elevation angle

only fluctuates around 1° for strain in all directions, suggesting ¢ is not significantly affected

by strain.
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Figure 39: Magnetization along the device channel vs. strain ranging from 0 — 4% for
three different strain directions, taken after a steady state was reached at t = 8 ps for x-
injection with Vo =0.7V,Vp =0.5V.
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Figure 40: Magnetization along the device channel vs. strain equivalent to a lattice mis-
match of 0%, 2% and 4% for three different strain directions, with Vg = 0.7V, Vp = 0.5V.

The error bars indicate the standard deviation in the mean over 10 simulation runs.
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Figure 41: Steady state magnetization showing total magnetization (a), and azimuthal (b)
and elevation angle (c) at drain as a function of strain along different axis (x-injection,
Ve = 0.7V, Vp = 0.5V) with non-linear spline fits shown by lines to serve as a guide to the

eye in elucidating trends in the data.

6.2 Temperature effects

The next step in our investigation was to study the effects of lowering the lattice temperature
T. We expect the temperature to affect the magnetisation at the in two distinct ways. Firstly
lowering the temperature will decrease the number of scattering events as the electrons travel
through the channel, this will, in turn, decrease the amount of decay in the magnetisation
leading to a higher net magnetisation at the drain. The second effect is due to both the
Rashba and Dresselhaus coupling decreasing with temperature. This effect has been well

studied for GaAs [76, [77] and is attributed to the temperature dependence of the lattice
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constant ag leading to a increase in the band energies Ey, F1, Ag and A; with decreasing
temperature, which leads to a change in the Dresselhaus and Rashba parameters oy, and
~. It should be noted at this stage however that due to a still unresolved bug in the Fermi-
Dirac integral solver used in the main Monte Carlo engine we were unable to simulate lattice
temperatures below 85K reliably. Thus our work will focus on the spin-dynamics between
85K and 300 K.

The temperature dependence of the band-gap energies for GaAs has been investigated ex-
perimentally [77, [78] from which the following generic functional relation for the temperature

dependence of the band energies E,(T") has been proposed.

E,(T) = Ey — g (1 +— 2 > (143)

eT —1

where T is the lattice temperature and the parameters Iy, ap and 6 are obtained by fitting
to experimental data. It was then latter shown by [77] that the Kane parameters Py P; also

have a small temperature dependence of the same form as Equation (143]).

The temperature dependence for InAs (and by extension InGaAs) however, is not as well
documented in the literature with only limited experimental data for the fitting parameters
and ap being published for the inter-band energies [79, [80] and no data on the dependence of
the Kane parameters Py and P;. Thus more data will be needed to make more accurate pre-
dictions for low-temperature spin transport. However, our work is still useful for elucidating
trends in the data and examining the general effects of temperature on the magnetisation.
The fitting parameters used to calculate the band energy dependence are listed in Table
and for this work, we have assumed P; and P, to be temperature independent for InAs due

to the lack as mentioned earlier of available data.

Figure |42 shows how the Dresselhaus () and Rashba («,.) coefficients vary with lattice
temperature. From this, we can see that as expected both coefficients increase non-linearly

due to the changes in the inter-band energies, with both varying cubically.
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Parameter GaAs® InAs Ing 3Gag 7 As

Ey(eV) ap(meV) 0(K) Egp(eV) ap(meV) 0(K) EgpeV) apg(meV) 6(K)

E, 1.571 57 240  0.414° 28.10° 1470 1.224 4830  212.10

E 4.456 59 323 4.453¢ 41.00°  262°  4.455 53.60  304.70
Ey+ Ag 1.907 58 240  0.807%¢  28.10%¢  147%¢  1.577 49.03  212.10
B+ A 4.659 59 323 4.936° 64.00°  159¢  4.742 60.50  273.80
212 /h? 30.58 1040 240 - - - - - -
2P2/h? 8.84 1040 240 - - - - - -

. obtained from reference [77]

oo

. obtained from reference [80]

o

. obtained from reference [§1]

o

. Due to lack of data this was assumed to have the same dependence as Fj

e. obtained from reference [79]

Table 3: Fitting parameters Ey, ¢, and ap used to obtain the temperature dependant
band energies and Kane parameters. Note: we have assumed that P, and P, are temper-
ature independent for InAs and that Ey + A has the same temperature dependence as Fj

due to the aforementioned lack of available data.

305 38
30+
37t
295
. 36f
—~ 29 =
Tq: i
3 285 E 35¢
< 28 &
34t
275
a3t
27,
265 32
50 100 150 200 250 300 50 100 150 200 250 300
Temperature (K) Temperature (K)
(a) Dresselhaus coupling (b) Rashba coupling

Figure 42: Temperature dependence of Dresselhaus () and Rashba (ay,) coefficients be-
tween 4 and 300 K. The Rashba coefficient was estimated using an average electric field of
4.219 x 10" Vm~! corresponding to Vg = 0.7V, Vp = 0.5V. The dark green lines are cubic
fits to the data.

Figure shows the total magnetization against position in the device channel using
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Sz, Sy and S, injection for various lattice temperatures between 85K and 300 K. For all
three injection cases, we see as expected a higher rate spin of decay as the electrons move
across the device due too the increased scattering rates and SOC coefficients. We also see
a large decrease in the recovery at the drain edge with decreasing temperature, with all
three injection directions losing approximately 13.1% of the total magnetisation over the

temperature range considered.
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Figure 43: Total magnetization versus position along the channel after steady-state has
been reached for temperatures of 85 K to 300 K with Vi =0.7V and Vp =0.5V.
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Figure 44: Total magnetization versus position along the channel for T= 85, 150 and
300K with Vg = 0.7V and Vp = 0.5V. The error bars indicate the standard deviation

over 10 simulation runs.

Figure [44]shows the total magnetization against position in the device channel for 85, 150
and 300 K once again we see that the standard deviation is generally quite low (indicating
low dispersion from the mean) but rises in the centre of the channel due to the lower number

of electrons in that region of the device.

Figure shows the magnetisation at the drain for all three injection cases. From this,
we can see the decrease appears linear and has a similar gradient for all three cases. This
indicates that the change in scattering rate (which is the same for all three cases) may have
more of an impact on the magnetization recovery than the change in the spin-orbit coupling

strength, given that due to the nature of the Hamiltonian the effects of oy, and v on Bloch
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vector S depend upon the injection direction, and therefore one would expect to see a change

with temperature that is different for each injection case.
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Figure 45: Steady state magnetisation showing total magnetisation (a), and azimuthal (b)
and elevation angle (c) at drain as a function of temperature for Vo = 0.7V and Vp =

0.5V with linear regression fits to show trends in the data.

For all three injection cases we also a linear increase in the azimuth angle () the change
appears largest for S, injection showing increased rotation in the Z — Y plane from 9.14°
at 85K to 18.64° at 300K, with the S, and S, cases showing much smaller increases of
14.22 — 18.92° and 12.29 — 15.23° respectively.

differently. For the S, case we see a linear decrease from —6.03 to —10.22° (a rotation

The elevation angle ¢ however, behaves

into the X — Y plane in the +Z direction) whereas S, and S, show almost no change with

temperature, hovering around 1.5° and —1.99° respectively. Fitting parameters and adjusted

101



X=0
Xeo Y
y=0 I
XGL XGR
S Gt e 3
asmm | isource (NI High-k Ga,05/GdGa0 ! brain (Al *
7.0nm | L : '

_________ In,.Ga, ,As

n++ N e
1.04pm
GaAs

Figure 46: Cross section of the n-channel Ing3Gag7As MOSFET. For each case the lengths

Xaa, Xar and Xgr were varied between 25 and 45 nm whilst the remaining two lengths

were kept at 25 nm.

R? values for all the interpolation lines are once again given in Table 6 Appendix B.

7 Device Dimensions

The final aspect of our investigations into the Ing3Gag;As MOSFET was the effect of the
channel and gate length on the spin dynamics. The logic behind this was simple. By
increasing the length of the channel before or after the gate, we can increase the amount of
time the electrons spend travelling through the channel. This has the potential to increase
the amount of recovery observed at the drain since the individual spins will have more time to
rotate back into alignment. This, however, will only work to a certain extent since increasing
the amount of time the electrons spend in the channel will increase the amount of scattering.
This means that beyond a certain point we will see a diminishing return as the amount of

magnetisation lost due to spin dephasing will outweigh the gains from any recovery effect.

Increasing the gate length may also affect the magnetisation recovery since a more ex-
tended gate region would mean the electrons are in the high field underneath the gate for
longer and thus experience increased Rashba coupling over a more extended period. Once
again, however, there will be a diminishing return as longer gate lengths will mean the
electrons spend more time in the channel and thus will experience more random scattering

events leading to increased spin dephasing.

Our method for investigating these effects consisted of varying three key lengths in the
x-direction: The gate length (Xg¢), the distance between the source and the gate (X¢gyr)
and the distance between the drain and the gate (Xgr) (see Figure 46). For each case, the

remaining two lengths were kept at 25 nm.
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7.1 Gate Length (X¢¢)

Figure 7] shows how the total magnetization across the channel varies with gate length for
Sz,5y and S, polarized spin injection. For all three cases the shape of the Magnetization
decay appears similar although the centre of the curve around the region of the gate is
elongated as expected. The Magnetization recovery also appears essentially unchanged with

only minor variations which are within the variance between simulation runs.

Figure 48| shows the magnetisation curves for 25, 35 and 45 nm with error bars indicating
the standard deviation in the mean over ten simulation runs. From this we can see that
the standard deviation is highest in the centre of the channel and lower towards the left
and right-hand sides due to the much higher electron densities around the source and drain
contacts (see Figure . Overall, however, the standard deviation is relatively small across

the channel indicating that the dispersion from the mean is very low.

The magnetisation at the drain is shown Figure f9a] From this we can see that the
variation in magnetization between 25nm and 45nm is very small with: S, injection seeing
a small linear increase from 47.6% at 25nm to 49.7% at 45nm, S, increasing linearly from
28.4% to 30.3% and S, remaining at 46.6%.
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Figure 47: Total magnetization versus position along the channel after steady-state has
been reached for gate lengths of 25nm to 45nm with Vg = 0.7V and Vp =0.5V.
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Figure 48: Total magnetization versus position along the channel for Xoe = 25, 35 and
45nm after steady-state has been reached with Vi = 0.7V and Vp = 0.5V. The error bars

show the standard deviation in the mean over 10 simulation runs.

In contrast however, the azimuth and elevation angles for the S, and S, cases do show
some different behaviour. For S, the elevation angle ¢ decreases linearly from —6.08° to
—8.69° indicating a average decrease in the S, component due to rotation out of the X —Y
plane in the —Z direction. For S, ¢ increases linearly from —4.02° to —2.57°. In this case
indicating an increase in the S, component due to rotation out of the Z — Y plane in the
+X direction. The azimuth angle however, only increases for S, injection going from 9.8°

to 14.1°. Fitting parameters and adjusted R? values for all the interpolation lines are given
in Table [7] Appendix
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with linear regression fits to show trends in the data.

Figure |50| shows how the electric field and Rashba co-efficient a4, vary across the device
channel. As expected the Electric field (and hence the strength of ap,) spreads out and
reaches a higher maximum with increasing gate length. These two factors lead to an increase

in the average Rashba coupling shown in Figure 51| which appears to fit well with a quadratic

interpolation (magenta line) with an adjusted R? of 0.911.
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Figure 50: Electric field and Rashba coefficient a4, versus position along the channel for
Gate Lengths of 25 nm to 45nm with Vg =0.7V and Vp =0.5V.
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Finally, Figure shows the average velocity of the electrons in the z-direction with
the position in the channel. As before we see two main asymmetric regions of acceleration
corresponding to the two peaks in the x-component of the electric field at the left and right
edges of the gate contact (see Figure. As expected the distance between the acceleration

peaks increases with increasing gate length, however, the maximum velocity decreases.
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Figure 52: Average velocity of the electrons in the x direction with position in the channel

for gate lengths of 25 nm to 45nm. For Vi = 0.7V and Vp = 0.5V
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7.2 Left Spacer Length (X¢;)

Figure 53| shows how the total magnetisation varies across the device channel for three differ-
ent injection directions. From this, we can see that the amount of decay slightly increases in
the region between the source and the gate with increasing Xq, for all three injection cases.
This is not unexpected since the electrons are spending more time in the channel and thus
experiencing more scattering events which will lead to increased spin dephasing. We also see
the magnetisation at the drain edge increase with Xq for all three injection cases. Figure
shows three curves for 25,35 and 45nm (chosen to aid visual clarity) with error-bars rep-
resenting the standard deviation in the mean over 10 simulation runs. Like in all previous
cases the standard deviation is minimal in the regions of the source and drain indicating a
low dispersion from the mean in these regions. However, the standard deviation increases as
we move through the centre of the channel due to the lower electron concentration in this
region during the time slice (see Figure .
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Figure 53: Total magnetization versus position along the channel after steady-state has
been reached for Xq; between 25nm to 45nm with Vg = 0.7V and Vp =0.5V.
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Figure 54: Total magnetization versus position along the channel for select values of X¢p,
after steady-state has been reached with Vi = 0.7V and Vp = 0.5V. The error bars

indicate the standard deviation over 10 simulation runs.

Figure shows the magnetisation at the drain. For all three injection cases, we see an
increase in Magnetisation with Xy which fit nicely with linear regression. The S, and S,
cases increase from 46.6% to 54.1% and 28.5% to 35.4% respectively with the same gradient
of 0.0036. The S, injection meanwhile increases from 47.7% to 53.3% with a slightingly lower
gradient of 0.0027.

The Azimuthal(#) and elevation (¢) at the drain are shown in Figures and For
0 we see a linear decrease with increasing Xy for all three injection cases with: S, going
from 15.41° to 12.57° (rotation from Y to X), S, going from 13.11° to 11.12° (rotation from
X to Y) and S, going from 9.74° to 8.17° (rotation from Y to Z). ¢ however, shows no
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significant change with increasing Xy with: S, staying at around 2°, S, at around —5.8°

and S, at around —4°.

The individual adjusted R? values and parameters used for the fitted lines in Figure
are given in Table [§]in Appendix [B]
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Figure 55: Steady state magnetisation showing total magnetisation (a), and azimuthal (b)
and elevation angle (c) at drain as a function of X¢y for Vg = 0.7V and Vp = 0.5V with

linear regression fits to show trends in the data.

Finally, Figure shows a plot of the average x-velocity of the electrons against the
position in the channel. Once again we see two main regions of acceleration corresponding
to the two peaks in the x-component of the electric field at the left and right-hand sides
of the gate contact. The maximum velocity at the right-hand edge of the gate (xr = 0)

increases with increasing Xgz. This is because the electrons will accelerate faster in the
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shorter distance between the source and the gate and as a result, will gain kinetic energy
more quickly. However, this will cause increased phonon emission which will cause the

electrons to lose kinetic energy resulting in a reduction in the maximum velocity.
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Figure 56: Average velocity of the electrons in the x direction with position in the channel
for left spacer lengths (X¢z) of 25nm to 45nm with Vo = 0.7V and Vp = 0.5V.

7.3 Right Spacer Length (Xgg)

Figure shows how the total magnetisation across the device varies with right spacer
length (Xgg) for three different injection directions. As expected we initially see similar
amounts of decay as the electrons move from the source (r = —42nm) towards the left-hand
side of the gate (x = —26nm). For all three injection cases, however, we see a decreased
amount of decay as the electrons travel across the gate followed by an increased amount
of recovery at the drain with increasing Xgg. Figure [58| shows three selected curves (once
again chosen to aid visual clarity) representing the 25, 35 and 45 nm spacer lengths with the
corresponding standard deviation in the mean over ten simulation runs. Like in all previous
cases the standard deviation is minimal in the regions of the source and drain indicating a
low dispersion from the mean in these regions. However, the standard deviation increases as
we move through the centre of the channel due to the lower electron concentration in this
region during the time slice (see Figure .
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Figure 57: Total magnetization versus position along the channel after steady-state has
been reached for Xgp between 25nm to 45 nm with Vg =0.7V and Vp = 0.5V.
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Figure 58: Total magnetization versus position along the channel for select values of Xgg
after steady-state has been reached with Vi = 0.7V and Vp = 0.5V. The error bars

indicate the standard deviation over 10 simulation runs.

Figure shows the magnetisation at the drain edge for each injection case. For the
case of S -injection, we see virtually no increase with increasing X g, with the magnetisation

hovering around 45.5%. We do, however, see small linear increases for both the S, and S,
from 45.7% to 47.7% and 26.9% to 29.8%.

Figures and show the azimuth and elevation angles at the drain. For 6 we see
virtually no change for S, injection with the value staying around 16°. S, injection shows a
small linear decrease from 13.79° to 12.29° (indicating rotation from X to Y') while the S,

injection shows a linear increase from 11.26° to 13.72° (indicating rotation from Z to Y).

¢ shows a small linear increase for all three injection cases from 1.99° to 3.76° for S,
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(rotation out of the X — Y plane in the +Z direction), —7.28° to —5.87° for S, (rotation
into the Y — X plane in the +Z7 direction) and —4.41° to —2.28° for S, (rotation into the
Z — Y plane in the +X direction). Fitting parameters and adjusted R* values for all the
interpolation lines used in Figure 9] are given in Table [9] Appendix [B]
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Figure 59: Steady state magnetization showing total magnetization (a), and azimuthal (b)
and elevation angle (c) at drain as a function of X¢gg for Vo = 0.7V and Vp = 0.5V with

linear regression fits to show trends in the data.

Finally, Figure shows a plot of the average x-velocity of the electrons against the
position in the channel. Much like the previous cases we see two main regions of acceleration
corresponding to the two peaks in the z-component of the electric field at the edges of the
gate. The final velocity at the drain, however, is more complex to explain. This velocity is

highest for 25 nm and decreases for 30 nm but then slightly increases for 35, 40 and 45 nm.

This effect due to the acceleration of the electrons as they approach the drain. Initially,
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the electrons decelerate due to scattering, the rate of which increases with increasing Xqgg.
They then begin to accelerate as they approach the drain. However, because the electrons
will accelerate faster when the distance between the gate and drain is shorter, they will gain
kinetic energy more quickly. As a consequence, however, the rate of phonon emission will
increase causing the electrons to lose kinetic energy resulting in a reduced the maximum
velocity. This effect is not noticeable in the 25 and 30 nm cases since the initial deceleration
rate was lower and therefore the electrons had a higher velocity when they began to accelerate

and thus a higher velocity at the drain edge.
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Figure 60: Average velocity of the electrons in the x direction with position in the channel
for right spacer lengths (Xgg) of 25 nm to 45nm with Vg = 0.7V and Vp = 0.5 V.
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8 Conclusion

Our ensemble Monte Carlo device simulations of electron spin transport through a realistic 25
nm gate length Ing3GagrAs MOSFET show that the total magnetization and its orientation,
represented by the length and direction of the Bloch vector associated with the spin degrees
of freedom can be controlled via the applied gate bias (and to a lesser extent the source-
drain bias). With higher applied gate voltages leading to increased magnetisation decay and

a stronger coherent rotation of the Bloch vector from its initial state.

Previous work in this area has been based on micron-sized devices [17, 18, 19, 20, [16].
Although the range of observed rotation angles is much lower when compared to these
devices, we can still see significant magnetisation dependent modulations in the drain current
which are potentially observable at room temperature. Furthermore, we have observed an
unreported recovery of the magnetisation in the region between the gate and drain contacts.
This effect appears to be a spin-refocusing effect (similar to that which occurs in nuclear
magnetic resonance) caused by the high field in the region underneath the gate. If observed
experimentally, this effect could be exploited by future devices to mitigate some of the loses

in magnetization over long distances due to decay.

Our investigations into the effects of mechanical strain show that the amount of applied
mechanical strain does influence the spin transport. Increasing the amount of strain leads to
a decrease in the magnetisation decay across the channel, with the amount being dependent
upon the direction in which the strain is applied. We also observe a coherent rotation in the
magnetisation vector due to spin-orbit coupling. In this case, the azimuthal rotation angle

exhibits a non-linear increase with strain for all strain directions.

We next studied the effect of the lattice temperature. As expected we saw a decrease in
the magnetisation decay across the device channel as a result of both the reduced rate of
electron scattering and the reduced strength of the Dresselhaus and Rashba coefficients. We
also saw an increase in the magnetisation at the drain edge, with decreasing temperature

which was constant regardless of the injection direction.

However, our work was limited, this time due to technical issues caused by an as yet
unresolved bug in the Fermi-Dirac integral solver which prevented reliable device simulations
below 85 K. These problems, however, are much less of a concern since information in the
literature on how the bandstructure changes with temperature for many semiconductors is

still lacking (most notably in our case InAs). Thus our ability to make accurate predictions
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at these temperatures is limited.

Finally we investigated the impact of channel length on the spin, Specifically varying the
length of the gate region X, the distance between the source contact and the gate Xqp

and the distance between the gate and drain contact Xgg.

Varying the gate length showed as expected an increased rate of decay in the region of
the gate but only a small dependence for the magnetisation recovery at the drain edge in

the S, and S, injection cases, with no change seen for the S, injection.

The rotation angles also show a similar story with S, and S, injection cases indicating a

small net rotation from z to y and the S, injection showing no significant net rotation.

Changing the length of the left spacer led to a slightly increased magnetisation decay
across the device channel, with the effect being more significant for the S, and S, injection
cases. All three injection cases also showed a linear increase in the magnetisation at the

drain and a linear decrease in the azimuthal angle 6.

Changing the length of the right spacer showed no significant changes to the decay across
the device and only small increases to the magnetisation at the drain for the S, and S,

injection cases.

Overall our simulation results for changing the channel lengths are somewhat unexpected
and confusing. Given we would expect to see a decay in the magnetisation at the drain
edge, in particular for the gate length due to the increased area within the high Electric
field. However, our results seem to show the length has little to no effect. These types of
simulation, however, a quite complex (in particular the various scattering mechanisms that
are incorporated). Thus more work will be needed to gather more data and understand the

precise mechanisms at play.

In conclusion, we have augmented an advanced 2D, finite element, Monte Carlo simulation
of a 25 nm gate length Ing3GagrAs MOSFET. We observe a significant and previously
unreported magnetisation recovery in the region of the channel between the gate and drain.
We demonstrated the potential to control the spin degrees of freedom via the applied gate
bias (and to a lesser extent the source-drain bias) and showed how the magnetisation decay

(and recovery) varies with lattice temperature, compressive strain and channel length.

Future work could potentially look into the role of spin-injection and detection which

were absent from this work since we did not wish to limit the scope of the simulation results
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by considering specific injection and detection mechanisms. However, in practice, these
issues play an essential role. In particular, the possibility of room temperature operation
will depend on whether we can achieve sufficiently high injection and detection efficiencies

to measure the predicted changes, which may be challenging if these changes are small.

One could also look into different transistor architectures (e.g. HEMT’s) or materials
with alternative spin properties such as Si, in which the spin-orbit coupling is much weaker
such that the Elliott-Yafet mechanism is the dominant form of spin relaxation at room
temperature. Si is also a material that has seen much attention for spintronics in recent
years [82] due to its extensive use in conventional semiconductor technology making it an
attractive option for future commercial applications. Alternatively, one could look into GaN
which has higher mobility, a higher density of states and lower spin-orbit interaction when
compared to GaAs and is predicted to have a spin lifetime that is about three orders of

magnitude longer than GaAs [83].

Another exciting avenue would be investigating single spins trapped in quantum dots
and the potential to measure control the precise spin-state of such electrons to gain a greater
understanding of the core physics involved. There is also the potential to continue the work
on the low-temperature dependence by investigating the effects of ultra-low temperatures
(less than 4K) a regime very different to room temperature in which could lead to some

exciting new physics.
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A 8 Xx 8 and 14 x 14 Kane Hamiltonians

This appendix contains the explicit forms of the matrix blocks used to create the Hgyg and
Hi4%14 bulk matrix Hamiltonians used in the Kane and extended Kane models discussed in
sections and of the main text. Where Hgys and Hisx14 are defined as

Hc Hcv Hcc’
HC HCU
H8><8 = % H H14><14 = ch Hv ch’
- ° Hc’c Hc’v Hc’
with:
—V/3Pk_ 0
—2iPk,  —Pk_
el .
HC _ 2mg 0 ch _ i Pk+ —2ZP]€Z
0 ZE) V6 0 V3Pk |
iv2Pk, —\/2Pk_
—V2Pk, —i\V2Pk,
_Lpg, —'\/EPk 1Pk 0 —ipPk —Lpp
o= V2 it T
1 1 1 7
0 1Pk, \f Pk, LPk. —LPk, 1Pk
PR — Fy 0 0 0 0 0
0 Gn-E 0 0 0 0
0 0 L S 0 0 0
HU = 0 h2k2 9
0 0 0 K — B 0 0
0 0 0 0 EE_F—Ag 0
0 0 0 0 0 0 BE _ B — A,
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% s /2 ) % )
— Pk PPk PR 0 —EPk —BRk

Heer = 0 —LPk i\/gPlkz GPk. —%Pk Pk )
PE 4 B+ A 0 0 0 0 0
0 PE LB+ A 0 0 0 0
o 0 0 PE LB+ A 0 0 0
‘ 0 0 0 PR LB+ A 0 0
0 0 0 0 PR+ B 0
0 0 0 0 N
SAT ZQky HQk. 0 —Qky —iy/3Qk
—Qk. AA 0 ZQk. 0 T5Qky
N AT —jQk —HQk- 0
ve 0 —4Qk LQk  iA —i\/ngz GQk-
SOk 0 SQky i/2Qk  —ZA 0
z\/gcgkz —Qk. 0 —2Qky 0 _BA-

and ki = k, L ik,.

The Kane parameters P, P;,() and A~ are defined in sections and whilst the
Energies Ey, Eq, Ay and A, are defined in table [1| of section [3.2] Finally H.. and H., are
obtained by the transposition of H.. and H,., respectively, with the following substitutions:
ky = ks, PP = —P,0Q — —Q and A~ — —A~
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B Fitting Parameters for ”drain edge” plots

This appendix contains the fitting parameters for the plots of the polar angles (6 and ¢) and
the Total Magnetisation (|S]) at the left hand side of the drain contact. These plots were
used throughout chapter [5| and cover the effects of varying: The gate voltage (Vi), source-
drain voltage (Vp), lattice temperature ("), the Gate length (Xgg) and the Left /right spacer
lengths (Xgr and Xgg). All the parameters were obtained using the Matlab curve fitting

tool box.

B.1 Gate Voltage (V)

Injection P P R?  Adjusted R?
|S] S -0.4349 (-0.06122, -0.02576)  0.3834 (0.3707, 0.396)  0.9531 0.9375
Sy -0.09915 (-0.1179, -0.08042) 0.4274 (0.4141, 0.4408) 0.9895 0.9861
S, -0.1137 (-0.1315, -0.096) 0.2762 (0.2635, 0.2888) 0.9928 0.9905
0 S 26.15 (16.58, 35.72) -1.047 (-7.882, 5.788)  0.9618 0.9491
Sy 22.04 (15.68, 28.41) -0.152 (-4.696, 4.392)  0.9759 0.9679
S, -7.723 (-13.75, -1.698) 29.55 (25.24, 33.85) 0.8473 0.7963
10) Sy 2.977 (1.499, 4.456) -1.791 (-2.847, -0.7355) 0.9319 0.9092
Sy 5.062 (1.506, 8.618) -17.98 (-20.52, -15.45)  0.8725 0.8299
S, -11.56 (-20.16, -2.952) 6.303 (0.1575, 12.45)  0.8589 0.8119

Table 4: Fitting parameters for figure [29) from Chapter , containing plots of the Total
Magnetisation (]S|) and polar angles (¢ and ¢) at the left hand side of the drain contact
against applied Gate Voltage (V7). All the curves are fit to a linear polynomial model
with y = Pz + P,. The values in brackets are the 95% confidence bounds for the speci-

fied parameter.
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B.2 Source-Drain Voltage (Vp)

Injection P P R? Adjusted R?
|S] Sy -0.1449 (-0.1703, -0.1195) 0.4748 (0.4567, 0.4929)  0.991 0.988
Sy -0.1252 (-0.1525, -0.09783)  0.4536 (0.4341, 0.4731) 0.9861 0.9814
S, -0.04425 (-0.08532, -0.003176)  0.212 (0.1816, 0.2424)  0.9148 0.8723
0 Se -5.512 (-10.41, -0.6124) 27.16 (23.66, 30.66)  0.8103 0.7471
Sy -4.361 (-6.046, -2.675) 23.82 (22.62, 25.02)  0.9576 0.9435
S. - - - -
0] Sy -6.496 (-9.329, -3.664) 6.758 (4.735, 8.78) 0.9467 0.9289
Sy -8.152 (-15.24, -1.063) -5.665 (-10.73, -0.603)  0.817 0.756
S. 5.569 (-23.49, 34.63) -9.201 (-28.91, 10.51)  0.8577 0.7113

Table 5: Fitting parameters for figure [34] from Chapter , containing plots of the Total
Magnetisation (]S|) and polar angles (# and ¢) at the left hand side of the drain con-

tact against applied Source-Drain Voltage (Vp). The curves are fit to a linear polynomial
model with y = Pz + P». The values in brackets are the 95% confidence bounds for the
specified parameter. It should be noted that the S, values for # did not fit to a polynomial
curve and a cubic spline fit was used instead, thus these values have been excluded from
this table.
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B.3 Lattice Temperature

Injection P Py R?

Adjusted R?

|S] Sy -0.0006517 (-0.0007819, -0.0005216)  0.5826 (0.557, 0.6082)  0.9797
-0.0006269 (-0.0007354, -0.0005184) 0.6106 (0.5892, 0.6319) 0.9847

N

S, -0.0006144 (-0.0007355, -0.0004933) 0.4124 (0.3886, 0.4363) 0.9802
0 S 0.02079 (0.01763, 0.02395) 12.47 (11.85, 13.09) 0.9881
Sy 0.01445 (0.01233, 0.01657) 10.9 (10.48, 11.32) 0.9889
S, 0.04315 (0.04026, 0.04604) 5.74 (5.171, 6.308) 0.9977
0] S -0.001839 (-0.004099, 0.0004208) 1.924 (1.445, 2.403) 0.691
Sy -0.01947 (-0.02173, -0.0172) -4.385 (-4.831, -3.938)  0.993
S, 0.003897 (-0.001934, 0.009727) -2.42 (-3.48, -1.36) 0.8053

0.9747
0.9809
0.9753
0.9852
0.9862
0.9971
0.588
0.9912
0.7079

Table 6: Fitting parameters for figure 45| from Chapter , containing plots of the Total
Magnetisation (|.S|) and polar angles (6 and ¢) at the left hand side of the drain con-

tact against Lattice Temperature. The curves are fit to a linear polynomial model with

y = Pix + P,. The values in brackets are the 95% confidence bounds for the specified

parameter.
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B.4 Gate Length (Xg¢)

Injection P P, R? Adjusted R?
|S] Sy 0.0001215 (-0.0008518, 0.001095) 0.4588 (0.4241, 0.4936) 0.04998 -0.2667
Sy 0.001049 (-0.0001846, 0.002282)  0.4466 (0.4026, 0.4907)  0.7094 0.6125
S, 0.001059 (-0.0005044, 0.002623)  0.253 (0.1971, 0.3088)  0.6077 0.477
0 Sy -0.007367 (-0.05275, 0.03802) 15.61 (13.98, 17.24) 0.8097 0.194
Sy -0.01301 (-0.04872, 0.02269) 13.46 (12.14, 14.78) 0.5515 0.3273
S, 0.2266 (0.05173, 0.4014) 4.694 (-1.549, 10.94) 0.8501 0.8001
10) Sy 0.01029 (-0.01831, 0.0389) 1.63 (0.6087, 2.651) 0.8718 0.7435
Sy -0.1424 (-0.2654, -0.01938) -2.606 (-7.157, 1.945) 0.9254 0.8881
S, 0.07222 (-0.008551, 0.153) -5.984 (-8.775, -3.193) 0.881 0.8214

Table 7: Fitting parameters for figure [29) from Chapter , containing plots of the Total
Magnetisation (]S|) and polar angles (¢ and ¢) at the left hand side of the drain con-

tact against Gate Length (Xgg). The curves are fit to a linear polynomial model with

y = Pix + P». The values in brackets are the 95% confidence bounds for the specified

parameter.
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B.5 Left Spacer Length (X¢1)

Injection P P, R? Adjusted R?
|S] Sy 0.003642 (0.002985, 0.0043)  0.3747 (0.3512, 0.3981)  0.9904 0.9873
Sy 0.002716 (0.00139, 0.004041)  0.4089 (0.3616, 0.4562)  0.9341 0.9121
S, 0.003465 (0.002639, 0.004291) 0.1977 (0.1682, 0.2272)  0.9834 0.9779
0 Sy -0.1411 (-0.1967, -0.08548) 18.69 (16.71, 20.68) 0.956 0.9414
Sy -0.09117 (-0.1542, -0.02814) 15.21 (12.95, 17.46) 0.876 0.8346
S, -0.07558 (-0.1386, -0.01259) 11.89 (9.639, 14.14) 0.8294 0.7725
10) Sz 0.0644 (-0.3723, 0.5011) -8.789 (-25.03, 7.453) 0.7783 0.5566
Sy -0.1424 (-0.2654, -0.01938) -2.606 (-7.157, 1.945) 0.9254 0.8881
S, -0.008257 (-0.0931, 0.07659)  -3.595 (-6.625, -0.5654) 0.03098 -0.292

Table 8: Fitting parameters for figure [55| from Chapter , containing plots of the Total
Magnetisation (]S|) and polar angles (# and ¢) at the left hand side of the drain contact

against Left Spacer Length (Xgp). The curves are fit to a linear polynomial model with

y = Pix + P». The values in brackets are the 95% confidence bounds for the specified

parameter.
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B.6 Right Spacer Length (X¢g)

Injection P P, R? Adjusted R?

|S] Sy 2.052e-05 (-0.0004561, 0.0004972) 0.4542 (0.4372, 0.4712) 0.006216 -0.325
Sy 0.001112 (-1.539e-05, 0.00224) 0.4337 (0.3934, 0.4739)  0.7666 0.6888
S, 0.00157 (0.0007451, 0.002395) 0.2313 (0.2019, 0.2608)  0.9244 0.8992

0 Sy 0.01142 (-0.01101, 0.03386) 15.67 (14.9, 16.45) 0.7059 0. 0.5589
s, 2007413 (-0.1323, -0.01597) 15.37 (13.29, 17.44)  0.8458  0.7944
S, 0.09448 (-0.02743, 0.2164) 9.472 (5.119, 13.83) 0.6697 0.5596

10} Sy 0.09169 (0.005842, 0.1775) -9.632 (-12.7, -6.567) 0.7939 0.7252
Sy 0.09169 (0.005842, 0.1775) -9.632 (-12.7, -6.567) 0.7939 0.7252
S, 0.1034 (-0.006197, 0.2131) -6.48 (-10.4, -2.565) 0.7503 0.6671

Table 9: Fitting parameters for figure [59) from Chapter , containing plots of the Total
Magnetisation (]S|) and polar angles (¢ and ¢) at the left hand side of the drain contact
against Right Spacer Length (Xgg). The curves are fit to a linear polynomial model with
y = Pyx + P,. The values in brackets are the 95% confidence bounds for the specified

parameter.
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